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Fig. 10: Drawings and models of groin vault geometries, and a surface using sectional mirrors in the
perpendicular axis to allow the system to turn the corner in the perpendicular plane.

Another area of improvement could test the limits of the number of sheets that can be
stitched flat and folded up to inflate an entire structure in a single operation. Lastly, this
prototype usedHDPEsheets but the technique should be tested using various other flexi-
ble sheetmaterials such asmetal, wood, fiberglass, other plastics, or a hybrid composite
ofmethods andmaterials (e.g., sandwiching fabric between two layers of thin plywood).
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Fig. 11: Strips of wood or metal incorporate structure into the patterning of the creases, acting as
arches. The arches lean on each other in mutual compression (blue arrows) while cables would pull
them together in tension laterally (red arrows).

This research is continually evolving to advance building practices, develop new ge-
ometric vocabularies, and create a system that combines design and construction
processes. It requires shifting attention to the geometric intelligence of the individual
material part, rather than the complexity of a digital immaterial whole, allowing the
tectonic definition to lead the aesthetic, structural, and topological characteristics of
the surface. The primary ambition to elevate the tectonic assembly to the design process
(rather than remain in the construction process, where it ismost typically considered) is
to limit or eliminate material waste in the process without sacrificing formal invention.
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Fig. 12: Scalar studies of alternate sheet fastening mechanisms (continued on next page).
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Fig. 12: (continued) Scalar studies of alternate sheet fastening mechanisms; weaving techniques
through pre-drilled holes using string or HDPE strips (same material as the sheet itself), interlocking
mechanism via scored tabs within the sheet itself, requiring no additional or extrinsic material
for attachment, and the default metal fastening technique used in the prototype shade pavilion,
represented here using rivets.
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Abstract: Curved-crease folded (CCF) bending-active plates efficiently form complex
curvilinear geometries with structural applications. Instead, this research proposes
joining stacked plates along common curved creases into flat-foldable configurations.
These unfoldwith an accordion-like one-degree-of-freedommechanism into corrugated
spatial structures. The proposed system, termed curved-crease unfolding (CCU), al-
lows for simple 2D prefabrication, flat-packed transport, and rapid on-site deployment.
Its globally double-curved and articulated structural geometry extends the design
space of CCF and finds application as structure and formwork. This research translates
the fundamental geometric design principles of CCF to CCU for planar creases and
demonstrates the design space for a multi-crease corrugated structure with non-zero
thickness. A parametric model is implemented for the geometric construction and
kinematic deployment in the COMPAS framework. Its deployment is validated by cap-
turing themechanical behavior with finite element simulation in the software SOFiSTiK.
The paper demonstrates the non-developability conditions for convex synclastic and
concave anticlastic creases. For the special cases of planar creases, angle correlations
are formulated with direct inversion from CCF using discrete differential geometry. The
trigonometric correlation for the kinematic deployment is applied to the discrete mesh
representation. Inclining subsequent osculating planes reveal restricted geometric
applicability regarding crease planarity. The non-zero thickness is modeled with an
axis-shift approach. Finally, a rule catalog for global shape control is derived based on
crease profiles and plane layouts with inclinations resulting in synclastic and anticlas-
tic multi-crease designs. These would be challenging to construct otherwise and are
enabled solely based on its formation principles.

Keywords: curved-crease folding, flat-foldable unfolding, bending-active plates, non-
zero thickness, corrugated structures, discrete geometric modeling, deployment simu-
lation, FE simulation, COMPAS.

1 Introduction

Active bending of plates allows for the efficient formation of lightweight, curvilinear
structures without formwork. However, single bending-active plates under external
loading deform dramatically and risk stability failure. Their performance improves
significantly when mutually restrained along curved creases (Scheder-Bieschin et al.
2022). Thus, curved-crease folded bending-active plates find structural applications

Open Access. ©2023 the authors, published by De Gruyter. This work is licensed under the Creative
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Fig. 1: Deployment of the CCU system from its closed flat-folded configuration to spatial unfolded
configuration.

and, moreover, possess complex geometries (Maleczek et al. 2020). Due to plate thick-
nesses beyond foldability and limited panel size, separate plates are assembled with
curved hinges and folded from a flat configuration.

When plate joining is necessary anyhow, stacked plates can be joined along com-
mon curved creases into a flat-folded configuration which is then unfolded. In accor-
dance with curved-crease folding (CCF), this research introduces the terminology of
curved-crease unfolding (CCU). A non-developable CCU system of multiple flat-folded
developable plates unfolds with an accordion-like one-degree-of-freedom mechanism
into a corrugated spatial structure of global double curvature (Fig. 1). CCU is compactly
flat-packable for transport and can be rapidly deployed on-site into a material-efficient
system of structural geometry, which expands the constrained design possibilities
of CCF.

The objective of this research is to translate the fundamental geometric design
principles of CCF to CCU for a single planar crease system, considering non-zero plate
thickness. It aims to demonstrate the design space and associated rules of CCU for a
multi-crease corrugated structure validated through finite element (FE) simulation.

2 Background

The feasibility of CCU was demonstrated as a proof-of-concept as formwork for corru-
gated concrete shells (Scheder-Bieschin et al. 2022). Furthermore, CCU can be identified
combined with CCF in closed cross-sections as a single module in a timber bridge (Ri-
haczek et al. 2022) or array in computational vault explorations (Tachi 2013). The
proposed system essentially resembles the vault’s horizontally-cut half, avoiding join-
ing more than two creases for fabricability.

Tachi (2013) explicitly introduced the concept of closed-folding based on four
quadrants, however, without thickness. Shimoda et al. (2020) demonstrated an axis-
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shift approach with uniform thickness panels on a flat-foldable rigid-origami system
with a one-directional mechanism termed ‘bellow-type’. This essentially equals the
proposed bending-active CCU system with the difference that the polygonal creases
are more densely discretized for the curved creases and that the discrete transversal
hinges of rigid panels are replaced by dense ruling lines of the bending-active strips.
Consequently, the ruling direction can readjust increasing design freedom (Sec. 5.1),
and the thickness approach considers continuous strain (Sec. 5.3).

3 Methods

This research approaches the geometric design of CCU in comparison to CCF using
discrete differential geometry and plate thickness. It focuses on translating the geomet-
ric formation principles explicitly, hence, without employing dynamic relaxation or
optimization approaches. Angle conditions are formulated for the non-developable
CCU versus their developable CCF counterpart. As the paper focuses on planar creases,
the design rules for the ruling layout are derived for the special case. For the kinematic
modeling of the deployment mechanism, we apply trigonometric correlations in the
discretized mesh representation and show implications for the behavior of subsequent
creases for a multi-crease corrugated structure. The non-zero thickness is handled
with an axis-shift approach. By exploring variations in crease profile and plane layouts
with inclinations, a rule catalog is derived for global shape control into doubly-curved
designs, revealing the design space.

The computational modeling is implemented in COMPAS, an open-source Python-
based framework for research in AEC (Van Mele et al. 2022). As curved-crease unfolded
structures are composed of developable strips – cylindrical, conical, or tangent sur-
faces – which are isometric to a planar configuration, they are discretely represented in
a half-edge mesh data structure with quadrilateral planar faces. Beyond the geometric
construction in a parametric design model for CCF and CCU, the simulation comprises
their geometric deployment and an interface for structural verification.

The simulation with the FE software SOFiSTiK (SOFiSTiK AG 2022) captures the
mechanical behavior with bending resistance and potential instabilities. The plates
are modeled as QUAD shell elements with plywood of 8mm thickness on a scale of
2.5m and with a hinge condition along the curved creases. The plates are actuated by
initial pre-bending to avoid buckling and then by crease-alignedinwards forces and
perpendicular outwards forces to simultaneously cause plate bending and unfolding.
The forces are applied in an iterative procedure with third-order analysis.
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4 Fundamental design rules for a single curved crease

4.1 Geometric principle of CCF and CCU

The geometric principle of CCF and CCU is demonstrated using the concept of four
quadrants (Fig. 2 top) introduced by Tachi (2013) for the special case of a planar crease
that lies within a single osculating plane, allowing for mirror reflection (Sec. 4.2).
Reflecting a single plate and its continuation results in four plates encompassing
four quadrants. Quadrants Q1 and Q3 are generated by CCF by folding a continuous
developable plate, with Q1 folding leftwards and Q3 folding rightwards. Their crease
curve (in green) is convex for one plate and concave for the other. Quadrants Q2 and
Q4 are generated by CCU by unfolding two mirror-reflected sheets joined along their
shared crease. Q2’s crease curve is convex for both plates (in blue), while Q4’s crease
curve is concave for both plates (in pink). Thus, CCU introduces two new types of
creases. In a single curved crease with inflection points, the types transition from Q2 to
Q4 from its convex to its concave curvature (Fig. 4 middle-left).

T, N, and B denote the tangent, normal, and binormal vectors in the orthonormal
Frenet-Serret frame of the crease curve, while B is also the normal of the osculating
plane O. Let α denote the reflection angle between the crease normal vector N and the
surface tangent vector S, which lies in the NB-plane. α > 0 for the actuated folded
(CCF) and unfolded (CCU) 3D configurations, and α = 0 for the unfolded (CCF) and
closed-folded flat (CCU) 2D crease patterns. For CCF, the folding angle is π − 2α, while
for CCU, the folding angle is directly 2α (Fig. 2).

The developability conditions of the four quadrants are demonstrated on a single
vertex in Fig. 3 with the sector angles denoted by β0...3, counterclockwise, between the
crease curve edges C and ruling vectors R. The sum of sector angles∑3i=0 βi = 2π for Q1
and Q3, indicating their assemblies are developable;∑3i=0 βi < 2π for Q2, indicating its
assembly is synclastic; and∑3i=0 βi > 2π for Q4, indicating its assembly is anticlastic,
despite the plates being monoclastic.

For a planar crease, in Q2 and Q4, the neighboring sector angles on the adjacent
plate are equal, β0 = β3 and β1 = β2. Consequently, the sums of both sector angles on
each side are equal, ∑1i=0 βi = ∑3j=2 βj and < π for the convex crease in the synclastic
Q2 and > π for the concave crease in the anticlastic Q4. However, this sector angles
correlation cannot apply for the developable Q1 and Q3, as ∑1i=0 βi < π ̸= ∑3j=2 βj > π
for the convex – and concave crease side, respectively. However, a crossover correlation
exists for the ruling angle γ between the ruling R and tangent T, quantified depending
on the special cases (Sec. 4.2).
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Fig. 2: Geometric principle of CCF and CCU with the concept of four quadrants. Top: actuated 3D
state. Bottom: 2D crease pattern.

Fig. 3: Developability conditions of the four quadrants for a single vertex.

4.2 Special cases

A general crease curve possesses non-zero torsion τ and a varying reflection angle α󸀠.
These can be described for CCF with the ruling angle γ and crease curvature in the 2D
pattern κ2D with Eq. (1) and Eq. (3) by Fuchs and Tabachnikov (1999). The equations
are adapted for CCU with Eq. (2) and Eq. (4):

α󸀠CCF = (cot γ0 − cot γ3)0.5 κ2D tan α (1)
α󸀠CCU = (cot γ0 + cot γ3)0.5 κ2D tan α (2)
τCCF = −(cot γ0 + cot γ3)0.5 κ2D tan α (3)
τCCU = −(cot γ0 − cot γ3)0.5 κ2D tan α (4)
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Fig. 4: The special cases of a planar crease (left), combined with a constant reflection angle (right) of
CCF translated to CCU.

Special cases exist regarding crease planarity, reflection angle consistency, and a
combination of both for the classic CCF (Fuchs and Tabachnikov 1999; Mundilova
2017) and are translated to CCU. In the special case of constant reflection angle α =
const. with a non-planar crease, its change must equal α󸀠 = 0. Hence Eq. (1) implies
that, unless the crease is a straight line κ2D = 0 or the system is flat α = 0, the
neighboring ruling angles across the crease must be equal in CCF, such that γ0 = γ3.
This indicates that the rulings must be reflected across T in the 2D crease pattern,
forming a kink. In CCU, the ruling is reflected across N in the 2D crease pattern, such
that γ0 = π − γ3.

In the special case of a crease lying in a single osculating planewith a non-constant
reflection angle, its torsion must equal τ = 0. Hence Eq. (3) implies that the ruling must
be reflected across T and N in CCF, such that γ0 = π − γ3. Consequently, the rulings
are collinear in the 2D crease pattern and reflected across O in the 3D configuration
(Fig. 4 left). In CCU, both rulings are identical, such that γ0 = γ3 or γ1 = γ2. Any
developable surface type reflected at a single plane satisfies this special case. The
ability of 3D reflection along a single plane permits the applicability of the reflection
method.

In the ultra-special case of the combined special cases of crease planarity and
constant reflection angle, both ruling conditions for CCF of their reflection across T
γ0 = γ3 and their collinearity γ0 = π − γ3 must be satisfied. This implies that all ruling
angles must be identical to γ0 = γ3 = π/2, indicating that the rulings R are orthogonal
to T and coincide with the surface tangent S (Fig. 4 right). With the inversed equations
and angle conditions, the same applies to CCU.
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4.3 Deployment

The deployment mechanism is based on the equation

cos α = κ2D
κ3D

(5)

by Fuchs and Tabachnikov (1999). It indicates that the 3D crease curvature denoted by
κ3D increases proportionally to the reflection angle α during actuation. Eq. (5) holds
true regardless of whether the crease is folded as CCF or CCU, as the kinematics is
constrained by the planarity of a curved edge of a single developable.

In the discrete case of a mesh, the curvature κ2D can be computed using the cur-
vature radius r2D in the direction of S. The magnitude of r2D can be determined with
Eq. (6) using the trigonometrical relationship of the right-angled triangle formed by
r2D, half of the adjacent crease edge C/2, and the angle μ2D between S and C. This
angle equals the average of the adjacent sector angles∑1i=0 βi/2 (Fig. 5a). Similarly, the
curvature κ3D can be computed using the curvature radius r3D in the direction of N.
The magnitude of r3D can be determined with Eq. (7) using a triangle in the osculating
plane O formed by r3D, C/2, and the angle μ3D between N and C (Fig. 5b).

κ2D =
1
|r2D|
= cos μ2D/(|C|/2) (6)

κ3D =
1
|r3D|
= cos μ3D/(|C|/2) (7)

As the crease length |C| remains constant during isometric transformation, Eq. (5) can
be simplified for the discretized case to

cos α = |r3D|
|r2D|
=
cos μ2D
cos μ3D

(8)

a trigonometrical relationship of the triangle generated by r2D, r3D, which is the pro-
jection of r2D onto O, and the reflection angle α (Fig. 5c). Shimoda et al. (2020) derive
the same cosine relationship from the length preservation specific to the ultra-special
case.

Fig. 5: Trigonometrical relationship of (a) r2D, (b) r3D, and (c) together with α.
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With Eq. (8), the deployment of a crease κ3D for a prescribed κ2D can be simulated
seamlessly for any α. Based on the trigonometric relations with γ and α, we obtain
the ruling vectors R for the leading plate R = cos γ0 T + sin γ0 cos αN + sin γ0 sin α B,
and the CCF plate RCCF = cos γ3 T − sin γ3 cos αN + sin γ3 sin α B, or CCU plate RCCU =
cos γ3 T + sin γ3 cos αN − sin γ3 sin α B, again with inversed signs. Finally, as the iso-
metric transformation dictates constant lengths and sector angles, the planar quad
meshes are reconstructed.

5 Design rules for a multi-crease CCU system

5.1 Behavior of subsequent creases

Further plates can be constructed by trimming and reflecting the rulings at subsequent
reflection planes. During deployment, the subsequent plates are reconstructed based
on the leading actuated crease and the isometry constraint. However, not any sub-
sequent plane orientation results in planar creases during the intermediate states of
actuation. If both planes are parallel, they rotate with identical progression around
their parallel actuation rotation axes (Fig. 6a). If one plane is inclined around the
other’s actuation rotation axis, both planes rotate with different progression around
parallel rotation axes (Fig. 6b). In both cases, the crease curvature changes proportion-
ally; hence the subsequent crease remains planar. However, when one plane is inclined
perpendicular to the other’s actuation rotation axis, the rotation axes of the planes are
non-parallel (Fig. 6c). Consequently, the crease curvatures change disproportionally,
and the subsequent crease does not remain on a plane (Fig. 6d). Unlike rigid origami
where the rulings are fixed, the rulings can reorient during actuation in a continuously
bend structures such that the CCU system can unfold nevertheless as demonstrated
with FE-simulation (Fig. 6e). The system undergoes a bistable behavior as described by
Rihaczek et al. (2022), with minor crease warping until the system reaches its target
with planar creases.

Fig. 6: Planarity of subsequent creases in relation to the osculating plane actuation rotation axes.
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5.2 Translation into multi-crease corrugated structures and
validation with FEA simulation

An array of parallel osculating planes generates alternating synclastic and anticlastic
creases that result in a corrugated multi-crease vault structure (Fig. 1). Its geometric un-
folding mechanism is verified with FEA in Fig. 7 with good congruence with deviations
of 1% of the span.

Fig. 7: FE simulation of sample from Fig. 1 (tension and compression from active bending in blue and
red, respectively).

5.3 Non-zero thickness of bending-active plates

Bending-active plates require thickness for structural strength, but the induced bending
stresses must respect material strength limits. This is ensured by limiting the allowable
plate curvature to κplate ≤ fy/(E 0.5t) where fy, E, and t denote yield strength, Young’s
modulus, and plate thickness (Lienhard 2014). The stresses induce positive strain
ε+ > 0 (red) at their extrados, negative strain ε− < 0 (blue) at their intrados, while the
central fiber remains neutral ε0 = 0 (yellow dashed) (Fig. 8).

The bending-active plates of uniform thickness are connected using a rotation
axis-shift approach (Shimoda et al. 2020). For CCF, this allows unfolding completely
flat (Fig. 8a), while for the CCU, this allows folding completely closed (Fig. 8c). In CCF,
an intrados connects to an extrados; thus, the strain contradicts as ε+ ̸= ε−. In contrast,
in the mirror-symmetric CCU, intrados connects intrados at synclastic creases and
extrados to extrados at anticlastic creases; thus, the strain is compatible with ε+ = ε+
and ε− = ε− respectively. Yet, the connection must accommodate strain as there are no
one-sided-only discrete hinge zones as in rigid origami. Unlike CCF, where the rotation
axes can align in one plane, either to all plates’ extra- or intrados (Fig. 8b) or to the
neutral fiber layer with tapering to avoid self-collision, the CCU does not allow complete
closure with the volume trim method.



364 | L. Scheder-Bieschin, T. Van Mele, P. Block

Fig. 8: Non-zero thickness (a) in CCF with axis-shift or (b) axis alignment, (c) in CCU with axis-shift.

The geometricmodeling of the thickness requires offset in the vertex’s normal directions
by t. In the flat-folded state of CCU, the thickness equals the sum of all panels tCCU =
∑ni=0 t. In the actuated state, only with rulings perpendicular to the crease as in the
ultra-specific case, the offset crease curve is planar (as for Shimoda et al. (2020)).
Otherwise, the offset curve is corrected by intersecting the rulings with an offset plane
by cosmean and reversely offset to adjust the original curve.

5.4 Global shape control by variations in crease curvature

Besides the developable surface type and osculating plane layout, the global shape
of a CCU structure is controlled by the profile of the crease curve, such as an arc,
Elastica, catenary, funicular under asymmetric loads, and freeformcurvewith inflection
points (Fig. 9). However, the freeform risks reaching unfolding angle limitations; ruling
directions from a combination of two conical surfaces would be more suitable. The
2D crease pattern (closed-folded behind) must be computed with Eq. (8) such that it
reaches its 3D target under a prescribed α (unfolded front).

Fig. 9: Corrugated vaults with profiles of (a) arc, (b) Elastica, (c) catenary, (d) funicular with asymmet-
ric loads, (e) freeform curve with inflection points.
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5.5 Global shape control by variations in plane distance and
inclinations

Even though the plates remain monoclastic throughout the isometric actuation, the
multi-crease corrugated structure can be manipulated into various target global shapes
through plane distance and inclination. A constant distance of parallel planes results in
monoclastic vaults; decreased distance between the plates inclined towards the center
generates synclastic vaults, while decreased distance between the plates inclined away
from the center generates anticlastic vaults (Fig. 10). The shape is generated to fit target
curves identical along the apex and supports.

Fig. 10: Corrugated CCU vault with (a) monoclastic, (b) synclastic, (c) anticlastic curvature by plane
distance solely. Top: closed and unfolded. Bottom: plan and side view.

By inclining a plane around its actuation rotation axis, the plane distance at the apex
and the supports increases and decreases simultaneously. Consequently, the apex can
maintain constant height while the support distance varies, and vice versa depending
on plane distances, or the ridge and valley creases are articulated alternatingly at the
apex and supports (Fig. 11). Furthermore, the plane inclination changes the reflected
rulings’ directions, resulting in variations in the corrugation depth.

Fig. 11: Corrugated CCU vault by plane inclination around the actuation rotation axis.

By inclining a plane perpendicular to its actuation rotation axis (consider implications
from Sec. 5.1), the plane distance decreases towards one end of the crease. This results



366 | L. Scheder-Bieschin, T. Van Mele, P. Block

in alternating non-axisymmetric articulations to the sides (Fig. 12a). Alternatively, with
consecutive inclinations in radial layouts, the structure unfolds into a corrugated dome
or funnel column (Fig. 12b,c).

Fig. 12: Corrugated CCU (a) vault, (b) dome, and (c) funnel by plane inclination perpendicular to the
actuation rotation axis.

6 Reflections and outlook

This research translated the geometric principles of CCF to the flat-foldable CCU system,
demonstrating direct inversion in various angle correlations. It demonstrated applica-
bility of the discrete deployment formulation and non-zero thickness with axis shift,
including shape adjustment beyond the ultra-special case as in Shimoda et al. (2020).
For a multi-crease system, it revealed geometric applicability of plane inclinations
and demonstrated possible ruling readjustment during a bistable behavior in flexible
bending-active in contrast to rigid-origami structures. This is to be further and more
thoroughly investigated, but it potentially increases the design space significantly.
Lastly, it demonstrated global shape control with positive and negative Gaussian cur-
vature from developable plates and introduced a novel design language that extends
the design space of CCF.

Future work will set out on design explorations of more intricate geometries and
their associated formation rules by combining the control variables of crease curva-
ture, plane distance and inclinations in both axes, by combining the CCU with CCF
while avoiding self-collision, and by introducing bifurcations and non-planar creases,
which will enable transitions between different types of developable surfaces and
significantly expand the design space. Through feedback from funicular form-finding
and FEA, the overarching objective is to obtain structurally informed structures. The
numerical application developed will be distributed open-source and via an interactive
Rhinoceros3D Plugin developed within the COMPAS ecosystem. Structural considera-
tions will investigate the mechanical effect on plates and hinges and the structures’
scalability potential.
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Ultimately the corrugated curved plate system is to be applied on an architec-
tural scale, materialized as a structure itself (Rihaczek et al. 2022) or as formwork for
corrugated concrete shells or vaulted floors (Scheder-Bieschin et al. 2022). The bending-
active plates can be materialized with plywood connected using various textile hinge
strategies (Rihaczek et al. 2022; Scheder-Bieschin et al. 2022) and with GFRP connected
using hinge areas of lower stiffness through fiber layout (Körner et al. 2016) or non-
impregnation (Choma 2021). The crease assembly of CCU is more complex due to self-
obstruction (Scheder-Bieschin et al. 2022) than the flat-assembly of CCF (Maleczek
et al. 2020); however, the flat-foldable system folds more compactly than CCF. The
curved-crease unfoldable bending-active system offers the advantage of a high degree
of simple 2D prefabrication, flat-packed transport, and rapid on-site deployment. It
results in complex, structurally-articulated 3D geometries, which would be challenging
to construct otherwise and are enabled solely based on its formation principle.
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Form Finding of a Sheet Metal Shell by
Generative Design and Pareto Optimization

Abstract: The study focuses on the design and optimization of a shell structure made
from a 1mm thick aluminum sheet. The objective of the research is to create an opti-
mized structure that meets the requirements of structural performance, material usage,
and production efficiency.We employed a generative definition for the structure and im-
plemented amulti-criteria optimization approach to balance conflicting objectives. The
structural morphology of the shell is considered on bothmacro andmicro scales. At the
macro scale, various shell shapes, ranging from simple spherical domes to undulated
shells with different cross-sections, are explored. The shape of the shell is optimized to
achieve both structural performance and production efficiency. Undulating the shell
edge is found to positively impact the structural behaviour, although it increases the
complexity of the components. On the microscale, structural embossments in the form
of beads are introduced to enhance the moment of inertia, buckling resistance and nat-
ural frequencies. A parametrically defined bead arrangement is employed resulting in
various patterns. The optimization process follows a multi-objective approach, aiming
to simultaneously optimize structural performance, tool material usage, and produc-
tion time. The objectives are derived from the geometry itself or calculated through a
linear buckling analysis. The optimization is not weighted initially, allowing all ob-
jectives to carry equal priority. The solutions are then represented in non-normalized
result domains and Pareto surfaces to evaluate their performance and compatibility.
Through the analysis of 22 generations and 4400 parameter sets, the research provides
insights into load-bearing capacity, serviceability, manufacturing effort, and manufac-
turing costs. The results highlight the trade-offs between different objectives and the
interplay between shell geometry, stability, and production parameters.

1 From sheet metal to shells

The basic design for the demonstrator is a circular shell on 5-point supports with
a diameter of 4.2m, made from a 1mm thick aluminum sheet. See Fig. 1 for design
and Fig. 2 for production process. We adapted stretch forming and incremental sheet
forming processes to produce the complex sheet metal components [1, 2]. Both the
overall shape and structural detailing adapt to these primary constraints and are
optimized in terms of structural performance, material usage and production efforts.
We implemented a generative definition for the structure with a broad spectrum of
possible forms and as few input parameters as possible. The analysis procedures are

Open Access. ©2023 the authors, published by De Gruyter. This work is licensed under the Creative
Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
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Fig. 1: Demonstrator design in view, perspective, and detail.

Fig. 2:MDF tool block adapts geometry, IBU forming tool traces beads, finished component, Panel
joint with pattern overlay.

fully integrated and allow for the usage of an evolutionary algorithm to find reasonable
conditions for our design, each balancing opposing goals differently. Based on this set
of solutions, we derived general observations on the overall behavior and principles of
our system.

2 Structural morphology

Structural morphology is the overall consideration of form, structure and forces. It is a
non-hierarchical design principle on different scales [3]. In our case, we are consider-
ing the macro-structure of the shell at the global scale and the individual structural
embossments at the local scale. The overall optimization on all scales results in the
optimal “layout”, which includes information about the topology, shape, size of the
structural components, and materiality. Optimization processes that address several
objective functions simultaneously are used to search for the optimal “layout”, follow-
ing the abstraction of natural processes [4]. The principles of structural morphology
guide the adjustment of the basic topology of the shell shape and bead pattern, using
a global optimization process that considers both structural behaviour and production
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Fig. 3:Microstructures (left), macrostructure (right).

effort. Rather than being combined in an objective function with a priori weights, these
partially conflicting objectives are examined in a multi-criteria process, resulting in a
solution set of structural variants that fulfill different objective criteria with varying
weightings. This approach allows for the individual components of the problem defini-
tion to be derived from the composition of the solution set and for the optimization
goals to be weighted based on a multitude of conceivable solutions.

2.1 Macroscale – shell structure

The spectrum of possible shell shapes ranges from a simple spherical dome to a multi-
curved undulated shell shape with linear or parabolic cross-section. A spherical dome
allows all components to undergo stretch-forming on identical or nearly similar molds.
The only differences between components are in their cut and pattern formation. Adapt-
ing the mold to the next shape to be produced by milling results in a minimum of
mold material and production time. Although this shell geometry is not necessarily
the optimum shape from a structural point of view, creating the shape based on a
parabola or catenary can lead to improved structural behaviour. Undulating the shell
edge results in a rotationally symmetrical alternation of synclastic and anticlastic
curvature changes, which can also positively impact the structural behaviour (Fig. 3,
right). However, both measures increase the degree of component complexity. The
complexity is measured by the volume of the required tool block into which the part
geometries are oriented and sorted (Fig. 4, left). To represent as wide a spectrum of
shapes as possible with a minimum number of parameters, a parametric definition of
the shell was developed in this investigation. The parametric definition of the form
is based on radial longitudes, which are defined as a basic spline curve and adjusted
through variation of three control points. In the radial coordinate system of the sphere,
the x-component of the center point influences the shell cross-section and is defined
as a variable (Fig. 4, right, in green). The undulation is achieved by adjusting the
z-component of the curve end point at every second curve (Fig. 4, right, in red).
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Fig. 4: Parameters of the local and microscale.

2.2 Microscale – structural embossments

Beads are predominantly utilized to fulfill utility functions such as enhancing the mo-
ment of inertia, buckling resistance and natural frequencies (ωk), as well as modifying
reaction forces andmoments [5,6]. In the context of structural morphology, beads serve
as the additional structural elements at the local scale. The arrangement of individual
beads creates basic shapes, which are then patterned in relation to each other. The
degree of additional global bending stiffness induced by the beads relies on the base
shape, pattern, and pattern density. A parametrically defined pattern is employed in
this investigation. The definition allows a seamlessly transformation of the patterns,
resulting in a kaleidoscopic effect in the superposit. The pattern definition is based
on a triangle mesh, where truncated edges are rotated around a movable point. One
of the parameters of this definition is the rotation angle, which varies between 0 and
0.5 π. Another parameter determines the point on the length domain, about which the
edge is rotated. Based on these two parameters, a spectrum of patterns representing
triangular and hexagonal meshes, with linear, star-shaped and elemental properties
and different degrees of entanglement can be generated (Fig. 3, left). Entanglement of
the patterns is equivalent to the elimination of axes without significant moments of
inertia. It is important that the patterns are interlocked in at least two perpendicular
directions, preferably in three axes intersecting at 60°. The greater the entanglement,
the more continuous the bending stiffness and the more homogeneous the component.
A third parameter scales the mesh within a domain of 100–200%. The production
time of these patterns is directly proportional to the total length and complexity of the
forming paths of the milling and forming tool.
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3 Multi-objective optimization

A multi-objective optimization is an optimization problem with multiple objectives [7].
It can be written as:

min
x∈X
= (f1(x), f2(x), . . . , fk(x))

With k ≥ 2, k ∈ N as the number of objective functionals, and the set X as the admissible
set of the explorable set, which is usually X ∈ Rn but depends on the n-dimensional
input domain. The admissible set is usually defined over bounded functions. The vector
objective function:

f : X → Rk , x 󳨃→ (f1(x), f2(x), . . . , fk(x))

If an objective function is to bemaximized, the negative or the inverse is minimized. We
set: Y ∈ Rk as a mapping of X, x∗ ∈ X as an admissible solution, and z∗ = f(x∗) ∈ Rk
as a result. In Multi-Objective Optimization, there is usually no admissible solution that
minimizes all objective functions simultaneously. The solution is done by considering
a Pareto-optimal solution. This means none of the objectives can be improved without
worsening at least one objective. An admissible solution x1 ∈ X is Pareto-dominant
over a solution, x2 ∈ X if:

∀i ∈ {1, . . . , k}, fi(x1) ≤ fi(x2) and ∃ i ∈ {1, . . . , k}, fi(x1) < fi(x2)

The solution x∗ ∈ X (and the corresponding result z∗ = f(x∗)) is called Pareto-optimal
if there is no more dominant solution. The set of Pareto-optimal solutions written as
X∗ is the Pareto front (3D Pareto surface).

3.1 Implemented objective functions

The optimization problem sets high structural performance, minimum tool material
usage, and short production time as objectives. The values of these objectives are
derived from the geometry itself or calculated through a linear buckling analysis.

z1 = value of deformation = stiffness of the system
z2 = value of instability = −1/load factor
z3 = value of the IBU pathlength = forming time
z4 = value of tool material = milling + material effort

For each generation of the optimization, the following result domains are created.

min zi = min{zi} und max zi = max{zi}, Di(zi) = [min zi;max zi]
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Normalized to domain [0; 1] for result representation and interpretation:

zni =
zi −min zi

max zi −min zi
, max zi = max{zi}, Dni (zi) = [min zni ;max zni ] = [0; 1]

The optimization is not weighted, indicating that all objectives carry the same priority.
Subsequently, the results can be manually weighted later. Moreover, it is feasible to
eliminate solutions in case the result values surpass or fail to meet specific threshold
values.

3.2 Geometric evaluation (Grasshopper)

We used the Rhinoceros Grasshopper environment (GH) for the overall process chain,
including geometrical evaluation. To evaluate the material requirements for forming
tools, we first fit the panels into the stretch forming machine’s installation space in
a production-friendly manner and sort them into a compact volume, which requires
optimization based on a traveling salesman problem (TSP). Then, we compute the
tooling and material efforts for successively milling individual forming tools from this
volume: h(Vmin) = z4. To determine the forming time, we sum up the individual lines
of the patterns (= milling paths) to obtain a total length. The forming time equivalent
to the path length:∑ni=1 Li = z3.

3.3 FEM (Karamba)

Thin shell structures, akin to thin compression members, are typically evaluated based
on their stability, rather than the stress in their cross sections. In the state of membrane
stress, significant strain energy can be stored without much deflection. However, if
this energy is converted into bending energy, it can lead to instabilities and result in
a loss of load-bearing capacity [8, 9]. Consequently, the maximum deflection of the
structure with Th. II. O. under a constant area load, as well as the load factor of the
structure, which is determined by a linear buckling analysis (LBA), are used to assess
the structural performance of the shell structure. Nonlinear analyses (GNA, GNIA, or
GNMIA) that provide more accurate results are not considered since the ranking of
the results within the solution domain is decisive, rather than the absolute values
themselves. Additional information on model building can be found in references [10,
11]. The beads are represented by bar elements joined with hinges. The calculations are
carried out within GH, using the finite element (FE) method with the Karamba plug-in.
The automatically obtained maximum deflection is: max uz = z1. Linear buckling
analysis is the solution to an eigenvalue problem based on: (K + λiKg)Ψi = 0, where K
is the (linear elastic) stiffness matrix, Kg is the geometric stiffness matrix calculated for
a reference load, λi is an eigenvalue (load factor), andΨi is a corresponding eigenvector
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(buckling shape). The LBA assumes negligible deflections before the bifurcation of the
load path (not the case for nonlinear consideration). The lowest eigenvalue is referred
to as the critical load factor λkr [8]. For the load factor (negative because the maximum
of the objective function is searched for), the following applies consequently: λkr = −z2.

3.4 Optimization (Octopus)

The optimization problem is solved with the Octopus plug-in within GH. The plug-
in is based on the evolutionary algorithm HypE. This algorithm contains a fitness
assignment schemebasedon the Lebesguemeasure and canboth compute thismeasure
exactly or estimate it using Monte Carlo sampling. The estimation allows a compromise
between fitness accuracy and computation time, which makes hypervolume-based
search feasible even for problems with many objective functions [12].

4 Results

A total of 4400parameter setswere calculated over 22 generations,with each generation
consisting of 200 sets. Subsequently, various result representations are analyzed to
draw general conclusions and identify phenomena.

4.1 Non-normalized result domains

The non-normalized result domains indicate the potential range of solutions for each
objective function. They cannot be directly combined or weighted. Nevertheless, they
provide insight into loadbearing capacity, serviceability, manufacturing effort, and
manufacturing costs. Moreover, the results can be roughly weighted based on these
estimates. The non-normalized result domains of the individual objective functions
are as follows:

z1 = value deformation = [0.01 . . . 3.20] cm
z2 = value stability = [0 . . . 90]
z3 = value IBU pathlength = [243 . . . 498]m
z4 = value tool + material = [0.11 . . . 2.08]m

4.2 Pareto surface(s)

In the present study, there are four objective functions. To represent a Pareto surface
in Cartesian space, the results of three of the objective functions can be plotted on
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the three axes (x, y, z). Figure 6 (left) shows the solutions depending on the objective
functions, tool material, stability, and IBU from the first (red dots) to the last generation
(white dots). The result ranges are normalized. The Pareto surface is also shown for the
last generation. Based on the plot, the following can be determined:
– The higher the generation, the more two-dimensional the solution space becomes

due to the IBU path (z3 → 0).
⇒Many Pareto-optimal solutions achievable with less IBU.

– Still, the most stable systems (z2 → 0) require the longest IBU paths (z3 = 1).
⇒ A high density of indentations leads to stable systems.

– The most stable systems (z2 → 0) can have low demand for tooling material
(z4 = 0).
⇒ Simple shell geometries can be stable.

– In the Pareto-optimal solutions, there are many results with a low IBU path length
(z3 → 0). Many of these solutions have a low tool material requirement (z4 → 0)
too. These solutions are not very stable (z2 → 1).
⇒ Simple shell geometries with low density of indentations lead to unstable sys-
tems.

One can identify the extent to which the objectives can be achieved and the strength of
their compatibility. Additionally, it is possible to determine whether the optimization
converges. Choosing the best candidate is proven to be difficult, and no conclusions
can be drawn regarding the system’s geometry dependencies.

4.3 Multi-axis representation

In this representation, we define each objective function one-dimensionally using its
respective y-axis, onto which the solution results are plotted. The results of a given
solution are then connected by a line, yielding a polyline for each solution (Figure 5).
This creates a representation that is one-and-a-half-dimensional in nature, effectively
summarizing the individual objective functions much like a stock market curve. It’s
worth noting that the optimal solution would be f(x) = 0.
A. This graph is equivalent to Fig. 4 but plotted in one-and-a-half-dimensional space.

The scales have been normalized, with 0 representing optimal performance and
1 indicating suboptimal performance. Result variance is observed to decrease at
higher generations, except for the objective stability (which remains unchanged).
This trend is particularly pronounced in the case of Pareto-optimal solutions,
which are dominated by minimal deflection and IBU values (with a few outliers for
IBU). Additionally, the variance of used tool material is approximately half that of
stability.
⇒ IBU and deflection are dominant.
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Fig. 5:Multi-Axis representation.

B. In this graph, the Pareto-optimal solutions of the last generations are plotted.
However, an evaluation of the solutions is done here: All results f(xi) ∈ [0; 1] of
a solution are summed up:∑4i=1 f(xi). The solution with the minimum sum value
is the best (++, yellow), with the maximum sum value the worst (−−, red). The
solutions with high IBU are the worst within the Pareto-optimal solutions. All the
best results have minimum IBU.
⇒ IBU is dominant.

C. The graph shows the first- and second-place optima of the last generation with
the respective minimum results of the individual objectives. We observe that the
Pareto-optimal solution with the best stability also possesses the poorest IBU
and tool material values of all such solutions. Furthermore, the remaining Pareto-
optimal solutions, each of which has a single minimum value, exhibit very poor
stability values. Intriguingly, the solution characterized by maximum stability
proves to be among theworst performers. However, the secondmost stable solution
performs quite well across all metrics. We conclude that the best solutions are
those that minimize deflection and IBU, exhibit good-to-moderate stability, and
employ tooling material in a sparing-to-very-sparing fashion.
⇒ Stability and IBU, as well as stability and tool material, behave contrary to each
other.⇒ IBU and tool material behave equivalently.

D. This diagram combines IBU and material cost into a single “process” objective,
while deflection and instability are grouped together as the “structure” function.
A third curve provides a comparison to the overall view displayed in Graph B by
showing the optimum solution.
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Fig. 6: 3D solution space pareto surfaces of all generations (left), Parameter-Referenced Multi-Level
representation (middle and right).

– Structure solution corresponds to the best performing stability solution, which
also exhibits very good deflection properties.

– Process function behaves according to the partial parameter curves.
– The generalized function achieves very good IBU and deflection properties, as

well as average stability and tool characteristics.

Graphs E-H depict the curves from the most recent generation, with each graph
highlighting a different subset of the Pareto set. These subsets were selected based
on specific criteria, which are marked by circles and ovals.

E. Stability exhibits a wide spectrum; stability is achieved by much IBU (green) or
high use of tooling material (red).

F. Much IBU is used when usage of tooling material is low (red), and the algorithm
prefers less IBU, despite fluctuating results of the remaining objective functions
(green).

G. High usage of tool material leads to stable systems, even with low IBU.
H. Low usage of tool material leads to low stability (green), except combined with

much IBU (red).
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4.4 Parameter-referenced multi-level representation

This form of representation aims to gain insights into the interdependencies of geo-
metrical parameters and objectives by combining input parameters and target values
(Fig. 6). It is divided into five diagram levels that summarize related values and display
them as white dots. The domains of the representation levels are normalized over the
results of the total solution space, and all values set and achieved in the optimization
process are displayed as smaller dots. Each solution of the last optimization generation
is represented as a polyline that links the corresponding solution and objectives. The
lower three levels of the diagram depict the parameters for the shell geometry, pattern,
and scaling and can be directly linked to the graphical representation in Fig. 3 and
Fig. 4 while the upper two levels display the objectives. The upper diagram combines
the structural objectives of deflection and stability, while the lower diagram shows the
process objectives of tool material consumption and IBU process time. The zero value,
or optimal solution, is located at the leftmost point of each diagram. Figure 6 displays
the input and result values from Figure 5B, with the 131 solutions from the last opti-
mization generation weighted by the sum of their target values and shown in color. The
best solution is represented by yellow, while green represents good results, turquoise
represents average results, and red represents poor results. This representation allows
for conclusions to be drawn about the structural forms of the final solution space and
their overall structural and process performance. The input parameters exhibit a strong
containment pattern.
– Many shell shapes have an arbitrary cross-section and lack undulation. However,

shells based on circular cross-sections with medium undulation perform better.
– Discontinuous triangular meshes are the predominant pattern and tend to score

better. Strongly entangled three-rayed stars in various forms also appear frequently.
– Six-sided polyhedra play a less significant role.
– Pattern scaling shows a strong tendency towards low values (big stars), with only

a few outlier solutions having high scaling (small stars).
– The result space for production targets is strongly limited, particularly with regards

to the use of IBU, where most solutions use the minimum amount. However, some
outliers rely heavily on IBU, including the best-performing solution structurally.

– In the solution space for structural parameters, the one-dimensional confinement
is easily explained by the form-finding of shells. Through optimization, the total
deflection was significantly reduced, but the spectrum of achieved stabilities is
almost completely covered by the initial range of solutions.

In Fig. 6 (right), a subset of the variants that correspond to Figures 9C and 9D is dis-
played. The input parameters exhibit high variance in the partial selection, making it
advisable to interpret the structural shapes depicted in Fig. 7, which shows the shell
geometries bead pattern and buckling shapes.
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Fig. 7: Geometries of best solutions (buckling spapes).

– All variants except for a few outliers have a pattern of six-sided stars with non-
intersecting rays aligned with the base network.

– The elliptical profile (shown in structure 1st in Fig. 7) provides a classic stiffening
effect at the free edge, resulting in high stability. Changing from an elliptical profile
to a linear one leads to a significant loss of stability but only a slight improvement
in deflection performance.

– Dense patterns (shown in stability 1st in Fig. 7) contribute to stability.
– Shell geometries without undulation are dominant, except for the second-best
result in static performance. The best solution for deflection has a parabolic to
linear profile, which is equivalent to a suspension shape for point-supported shells
with attachable bending stiffness. In this case, aclassic stiffening effect at the free
edge is not necessary.

– Figure 7 indicates that the deflections of the best solutions are small relative to
the total domain, suggesting that in the overall analysis, deflection is not the most
crucial factor. This aligns with the assumption that for thin shells, stability issues
related to static performance dominate.

5 Summary

The study presents a form-finding process based on the principles of structural mor-
phology that optimizes the macro- and microstructure of the shell without hierarchy.
Interpreting the results is fairly complex, due to the number of input parameters and
objectives. Despite this, we observe clear tendencies in both shell shape and pattern
generation, as well as deviating structural variants that highlighted trade-offs and
reciprocal relationships: The solution space for this study includes both undulated and
non-undulated options. Upon evaluation, many solutions with slight to medium undu-
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Fig. 8: Assembled Demonstrator.

lation and a specific cross-section (between circular and parabolic) fall within the good
range. Interestingly, the best solutions are not undulated and cover the entire range
of cross-sections, except for the best solution for structural performance. Regarding
patterns, clustering can be observed in the solution space. Discontinuous patterns that
map the axes of the grid tend to perform better than geometrically interlacing ones,
representing the best results. However, there are still many solutions with interlacing
triangular stars and hexagonal patterns with closed contours that perform moder-
ately well. Coarse scaling appears to produce clear improvements. Good solutions are
achieved with low use of IBU. In terms of structural performance, all results exhibit
low deflection. However, the range of solutions for stability could not be narrowed
down. Interestingly, the best performers in process and structure tend to perform poorly
in the other area, leaving the overall solution space quite large. Nonetheless, many
variants perform well in both process and structure metrics, showing that solutions
that meet both criteria can be found through trade-offs. Surprising results from this
study include how little the solution spaces could be narrowed down. Additionally,
entangled patterns do not necessarily lead to the best performers in stability. Fig. 8
shows the assembled demonstrator.
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Jamie Queisser and Saqib Aziz
Searchfield: Navigating n-Dimensional Design
Spaces

Abstract: Algorithmic design systems enable access to a variety of performance simula-
tion tools, allowing to evaluate and explore design variations. Design tasks are often
defined through multiple input parameters, thus spanning large high-dimensional
solution spaces. The designers are faced with challenges when navigating and com-
prehending this solution space while striving to meet the requirements given by the
design brief and aiming to achieve certification guidelines (BREEAM or DGNB). The de-
scribed method projects the high-dimensional solution space to two dimensions while
preserving similarities between individual solutions, making it intuitive for designers
to navigate. The solution space is overlaid with performance estimates to assist the
designer during the decision-making process and features methods for selecting and
filtering according to design and performance criteria. A design project currently in
development by the corresponding authoring firm, has been used to serve as a case
study probing the design principles.

Keywords: design space exploration, multivariate visualization, dimensionality reduc-
tion, machine learning, sustainable design

1 Introduction

The AEC industry has experienced a rapid digital transformation, replacing outdated
design and fabrication processes with advanced digital automation and collabora-
tive platforms (Carpo 2017). Building Information Modelling (BIM) has successfully
facilitated real-time information exchange among designers, engineers, and contrac-
tors within a unified design framework. Research suggests that decision-making in
planning decreases exponentially over time towards later design development stages,
emphasizing the importance of early-stage performative design optimization for im-
proved economic and ecological performance of buildings (Kohler and Moffatt 2003).
While BIM software has limitations in early design stages, design firms often rely on
dynamic Computer-Aided-Design (CAD) modeling software like Rhinoceros3D and
Grasshopper3D for form exploration and creation (McNeel 2010).

This research examines how technology can facilitate collaborative exploration
of design spaces by designers and engineers, considering interdependencies among
different domains. The study also investigates how to communicate decision-making
and performative optimization processes in the early design stage in a way that archi-
tects can easily relate to. To address these issues, an experimental multi-domain and

Open Access. ©2023 the authors, published by De Gruyter. This work is licensed under the Creative
Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
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collaborative design interface is introduced that allows users to collectively navigate
through decision-making and solution spaces efficiently.

Unsupervised machine learning (ML) identifies patterns and structures in data
without predefined labels or categories (Wang and Biljecki 2022). It differs from su-
pervised learning, which relies on labeled examples for learning, and is used when
there is no pre-established target or output variable to be predicted. This paper uses
Principal Component Analysis (PCA, unsupervised ML) to project multi-dimensional
vectors to comprehensible and user-friendly 2D interactive graphs and Linear Regres-
sion (supervised ML) for performance estimation, as described in Sec. 3.3.2 and 3.4.3.

2 Background

2.1 Design Process in Architectural Practice

Characterizing the diverse design processes in architectural practice is a challenging
and generalized endeavor. Architectural design tasks are often considered wicked
problems, as defined by Rittel andWebber (1973). Each design task, whether it involves
the entire building or sub-tasks, presents numerous decisions and perspectives that
reflect the unique design culture of an architectural office. The decision-making process
is highly iterative, driven by changing criteria and requirements encompassing aes-
thetics, performance, technical considerations, regulations, and personal convictions.
The pursuit of a perfect or final design outcome is subjective, with the focus being
on achieving an optimal design instance within the given design requirements and
project deadlines. In practice, design is typically divided into manageable tasks among
teammembers. Solutions for these subdomains are iterated upon to generate design
variants, resembling a decision tree where some branches remain unexplored while
others are pursued or revisited.

2.2 Performance Evaluation of Architectural Design

TheAEC industry continuously advances environmentally driven design criteria, includ-
ing standards like LEED, BREEAM, and DGNB, which promote guidelines for natural
resources such as natural daylight. The European EN 17037 guideline serves as a unified
and updated European standard, replacing country-specific regulations, and provides
standardized strategies for assessing natural daylight qualities in interior spaces. Adop-
tion of this standard improves the evaluation of natural daylight quality by utilizing
consistent Lux parameter-based calculations instead of less meaningful glass-to-floor
area ratios. This promotes human health, well-being, and performance while also lead-
ing to energy savings. In this research, EN 17037 performance-based evaluations are
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integrated into the design workflow using custom programming and simulation soft-
ware such as Honeybee & Ladybug (Ladybug 2022) for Grasshopper3D. The inclusion
of validation tools in generative programming platforms has made performance-based
evaluations more accessible to non-experts, although the presence of multiple and
sometimes conflicting performance criteria can pose challenges in evaluations.

2.3 Current Research

The design process seeks to find the best trade-off among often conflicting require-
ments, whether based on client’s brief or architect’s convictions. The range of possible
solutions is often referred to as “morphospace” (Raup 2006) or “phase space”. In this
paper, we use the term “solution space” to alignwith the concept of “parametricmodels”
(Woodbury 2010) familiar to architects. Parametric models enable rapid generation of
design variations, leading to large solution spaces. Efficient parsing of solution spaces
for optimal design solutions is needed. This research presents a workflow combining
existing methods to assist in complex design tasks in architectural practice.

Octopus, Opossum, and Wallacei are significant tools for interactive evolutionary
computation in architecture. These frameworks, developed by Vierlinger (2013), Wort-
mann (2017), and Makki et al. (2022) respectively, enhance Grasshopper by offering
accessible optimization parameters and interactive features. These user-friendly appli-
cations enable multi-objective searches and empower designers with greater control
over the numeric optimization process.

Thomas Wortmann addresses the issue of visualizing high-dimensional solution
spaces and performance value estimation of unexplored solutions. He surveys various
methods of data-visualization and argues that the use of star-coordinates is well suited
to display high-dimensional vectors in two dimensions and more intuitive than others,
even though it has its own limitations. The two-dimensional representation is overlaid
with the estimated performance values to create a performance map (Wortmann 2017).

In a previous work a novel method aimed at increasing this efficacy of solution
space navigation through self-organizing maps was explored by Marschall, Aziz and
Gengnagel (2016). The approach of self-organized fitness landscapes (SOFL) facilitates
the convergence towards optimized design trade-offs between numeric and subjective
criteria.

The workflow proposed in this paper builds on these concepts aiming to foster
greater accessibility to a larger range of architects by offering an intuitive way of han-
dling high-dimensional solution spaces and performance criteria. While black box
optimization techniques are driven by maximizing numerical values and generating
only a subsample of the solution space, they tend to make it difficult to integrate design
intent and exploration.
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3 Methodology

3.1 Introduction

The proposed methodology aims to represent entire solution spaces while incorpo-
rating performance estimates for each design option. This is achieved through the
development of a Rhino Grasshopper suite called “SearchField”. This plug-in enables
the generation of discrete solution spaces by systematically exploring all combinations
and permutations of input parameters. It also provides dimensionality reduction using
an adapted Principal Component Analysis (PCA) to visualize high-dimensional spaces
in 2D. By subsampling the solution space, performance simulations can be conducted,
and a Linear Regression model estimates performance values for all design options.
The methodology includes features for selecting design solutions and filtering the
solution space based on design and performance criteria.

“SearchField” is seamlessly integrated with native Grasshopper components and
plugins, facilitating a streamlined design workflow that enables designers to generate
and evaluate options quickly while considering key performance metrics (Fig. 1).

Fig. 1: Process map illustrating workflow using SearchField methodology.

3.2 Case Study

The methodology and custom Grasshopper components were tested on the facade
design of an office building currently in planning at the partnering architectural office.
The design team aimed to evaluate and refine the basic principle of a glazed facadewith
a second exoskeleton layer. Irregularly spaced columns supporting the facade would
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emphasize individual stories and incorporate horizontal overhangs. The investigation
focused on the placement of columns for design intent and performance.

The facade consists of 8.1-meter-wide segments, spanning one story in height. Each
segment has 16 evenly spacedgrid points for potential columnplacement. To investigate
column placement parametrically, this logic is translated into a solution vector. Each
dimension or integer in the vector represents the number of grid spacings between
columns (Fig. 2b). The vector dimensions range from 1 to 16, with the requirement that
the L1 Norm sums to 16. Vectors with lower dimensions are padded with zeros to ensure
a consistent dimension of 16 (Fig. 2a). The overall facade appearance is determined by
the designer’s selection and mapping of segments based on design and performance
criteria (Fig. 2c).

Fig. 2: (a) Solution vectors describing column placement. (b) Geometric interpretation of the vectors.
(c) Population of the entire facade.

3.3 Solution space and Dimensionality Reduction

3.3.1 Solution Space

The SearchField components generated all solution vectors, encompassing the entire
solution space of 32,768 solutions. While this approach has computational limitations
due to combinatorial explosion, it is suitable for architectural design tasks within the
capabilities of a standard desktop computer. The generation of the entire solution space
took 50 ms, for larger solution spaces, such as 279,936, the time required increases to
500ms.

This approach offers an advantage over optimization algorithms as it provides
the designer with a comprehensive understanding of the solution space’s structure. It
allows for exploration of the entire range of possibilities without relying on algorithmic
guidance.
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3.3.2 Dimensionality Reduction

Visualizing high-dimensional data is challenging, but dimensionality reduction tech-
niques, such as those discussed by John Harding (2016), can help by reducing it to two
dimensions. Harding’s approach, utilizing self-organizing maps, preserves similarity
by ensuring that similar solution vectors in high-dimensional space remain close in a
lower-dimensional embedding.

To efficiently project high-dimensional vectors to two dimensions, Randomized
Principal Component Analysis (PCA) (Martinsson, 2016) using ML.Net was employed
(Fig. 3a). Computation time for a dataset of 32,768 objects was 700ms, and for a dataset
of 279,936, it was 2.5 s. The resulting vectors were then transformed by rearranging
them on orbits based on their high-dimensional L2 norm while preserving their radial
position (Fig. 3b). Vectors with identical L2 norms represent the same input parameter
set, albeit in different permutations, making the L2 norm a useful similarity metric in
the design process.

(a) (b) (c) (d)

Fig. 3: (a) Projection of solution space to 2D using PCA. (b) Rearrangement of 2D points on orbits
using the high-dimensional L2 norm without changing their radial position. (c) Selection of one
solution vector. (d) Geometric interpretation.

In the context of star coordinates, Wortmann (2017) addresses the issue of overlap-
ping solutions when vectors with the same L2 norm are projected to the same low-
dimensional location. Resolving this, spreading out the two-dimensional vectors on
the orbits ensures symmetry and reflects the weightings of the vectors, with larger
values at the beginning or end.

Finally, Rhino and Volvox (Zwierzycki et al. 2016) are used to display the two-
dimensional solution space as a point cloud, where each two-dimensional vector refers
to its high-dimensional counterpart. This representation allows exploration of the
high-dimensional space in two dimensions, providing insights into the original data’s
structure.
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3.4 Subsampling, Performance Evaluation and Estimation

3.4.1 Subsampling

The solution space is subsampled to 328 samples, representing 1% of the total space
(Fig.4). Environmental performance evaluation of each sample follows criteria outlined
in Sec. 3.4.2, according to DIN EN 17037.

Fig. 4: Subsampled solution space with 328 samples and their vector representation.

To detach performance simulation from the design process, simulations are pre-
computed for each sample. This allows integration of various performance criteria
and simulation tools, enabling any team member (internal or external) to run the
simulation. Results are saved in a structured format and linked to the corresponding
solution vector.

3.4.2 Performance Evaluation

Our study, based on DIN EN 17037 “Tageslicht in Gebäuden”, aimed to conduct four
evaluations to develop an optimum facade design selection strategy: spatial daylight
autonomy (sDA), line of sight to the outside (LOS), direct sunlight (DS) on the facade,
and glare analysis (GA). Ladybug and Honeybee plug-ins accessed through Grasshop-
per were used for sDA and glare analysis, while custom programming in C# within
Grasshopper was developed for LOS and DS analysis.

It’sworth noting that each analysis requires varying levels of detail (LoD), regarding
the geometric input and environmental meta information (e. g., material attributes for
the sDA analysis), and simulation runtimes, ranging from seconds to hours or days.
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Each of the 328 subsampled solutions underwent performance evaluation using an
8.1 × 6m2 shoebox geometry for all four cardinal directions.

Line of sight
In the initial design iteration, a subset of column configurations was assessed for
visibility to the building’s surroundings. This assessment considered three factors:
horizontal viewing angle,distance to the outside perimeter, and visibility of at least 75%
of the room surface. A custom script was developed to generate a multidimensional
score for each criterion, ranging from 3 (lowest score) to 9 (highest score), see Fig. 5.
Using this script, all 328 design instances were quickly evaluated.

Fig. 5: LOS analysis, exemplary simulation sequence.

Direct Sunlight
Direct Sunlight (DS) analysis evaluates natural sunlight quality in buildings. It com-
monly uses the equinox date ofMarch 21st as a reference. The duration of direct sunlight
exposure is determinedby the allowed sun elevation angle, e. g., 11° forGermany (Fig. 6).
Boundary conditions such as climate zone, facade geometry, building construction,
and obstructions affect sunlight accessibility. Results below or equal to 1.5 hours are
considered poor, while 4 hours or more indicate good and well-lit spaces.

Glare Analysis
The glare analysis utilized the EnergyPlus Weather (EPW) format for Berlin and the
Ladybug and Honeybee plug-in suite in Grasshopper. The Evalglare method calculated
the Daylight Glare Probability (DGP) based on user assessments, categorizing discom-
fort levels. A high dynamic range imagery (HDRI) technique was employed using a 180°
fish-eye camera lens to capture source-target images and generate color-coded False
Color representations (Fig. 7). The analysis involved cycling through subsamples for
each cardinal direction, exporting resulting images and DGP values.
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Fig. 6: DS Analysis, exemplary simulation sequence.

Fig. 7: Glare Analysis, exemplary simulation sequence.

Spatial Daylight Autonomy (sDA)
Spatial Daylight Autonomy (sDA) was used to assess daylight provision in this study, a
widely used performance metric in building design and analysis (Nabil and Mardalje-
vic 2005). sDA quantifies the spatial and temporal distribution of daylight in interior
spaces by measuring the percentage of occupied hours per year where a space exceeds
a predefined target illuminance level. Factors such as window positioning, building
orientation, shading devices, and surface reflectivity are considered in calculating
the sDA value. Higher sDA values indicate better illumination throughout the year,
improving occupant comfort, health, and productivity. The simulation process auto-
mated performance evaluation for each variant’s cardinal directions, streamlining the
analysis. Specific target values, such as a minimum of 300 lux for 50% of daylight
hours in 50% of the area for a “poorly lit space”, are used to determine adequate
daylight levels. A high score is achieved when spaces achieve equal to or greater than
750 lux for 50% of the area and daylight hours (Fig. 10).
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Tab. 1: Recommendations for the supply of daylight through dayligth openings in vertical and
inclined surfaces.

Level ET Fplane,% min ET Fplane,% Ftime,%

low (score 1) 300 lx 50% 100 lx 95% 50%
middle (score 2) 500 lx 50% 300 lx 95% 50%
high (score 3) 750 lx 50% 500 lx 95% 50%

Fig. 8: Exemplary visualization of achievable scores applying DIN EN 17037 guidelines. Left: Sample
20 / West, Score 1; middle: Sample 200 / West, Score 2; right: Sample 332 / West, Score 3.

3.4.3 Performance Estimation

After performing the evaluation of the samples, Linear Regression Models were trained
for each performance criteria to estimate the performance of the remaining 32,440
solutions. The chosen Machine Learning model was Linear Regression with a trainer
based on the Stochastic Dual Coordinate Ascent (SDCA) method, known for optimizing
convex objective functions (Yu et al. 2011). The trained Linear Regression Model was ap-
plied to the high-dimensional vectors, and Fig. 9 demonstrates its reliable performance
prediction.

Using color-coding, a heat-map can generate a visual representation of perfor-
mance values in the 2D solution space. This enables an intuitive identification of
well-performing directions, aiding in the quick identification of the most favorable
solutions.

Tab. 2: R-Squared (R2): Represents predictive power of model, the closer to 1.0 the better Mean
absolute error (MAE): measures how close the predictions are to the actual outcomes, the closer to
0.0 the better Root Mean Squared Error (RMSE): measure of accuracy, the closer to 0.0 the better.

LOS DSs DSw DSn DSe GAs GAw GAn GAe sDAs sDAw sDAn sDAe

R2 0.81 0.83 0.83 0.83 0.83 0.82 0.76 0.69 0.74 0.55 0.61 0.60 0.59
MAE 0.04 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.02 0.08 0.09 0.08 0.08
RMSE 0.06 0.02 0.02 0.02 0.02 0.01 0.01 0.02 0.02 0.11 0.12 0.11 0.11
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Fig. 9: Performance estimates: (a) Horizontal view angle; (b) sDA east, north, south, west; (c) Glare
east, north, south, west; (d) DS east, north, south, west.

3.5 Design Process

3.5.1 Interaction, Selection and Filtering

To efficiently display the solution space and select options, two data structures are
utilized: a Rhino point cloud and a KD-Tree (Panigrahy 2008). By specifying numerical
ranges for performance criteria, the solution space can be filtered and reduced, allowing
for a quick evaluation of design directions that meet performance requirements. Design
filters, defined using regular expressions (.NET Regular Expressions 2022), are applied
to the high-dimensional solution vectors, which describe design criteria through their
properties. The actual design geometry is generated and displayed upon selecting
solution vectors. The SearchField components currently offer two selection methods:
around a point with a radius and a slice (Fig. 10).

Fig. 10: (a) Projected solution space; (b) Filtered solution space; (c) Selection of design variants;
(d) High-dimensional solution vectors of selection; (e) Design specific interpretation of vectors; (f)
Population of facade using segments.
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3.5.2 Iterative Design Process

The designer can explore and map selected solutions to the building (Fig. 10a), gaining
insights into design variations and their performance properties. Filters can be defined
to exclude solutions that don’t meet specific criteria. For example, to filter out all facade
segments that have two columns directly nextto each other, all vectors containing the
integer 1 would be excluded, resulting in 610 possible design options for the facade
segments. Alternatively, filters can be applied to include solutions within a desired
performance range. The designer can freely browse options and gradually filter out
undesired solutions, resulting in a refined and traceable design.

In the initial design process, criteria were defined to allow amaximumof 6 adjacent
columns with a spacing of up to 10 grid units. Performance filters were then applied to
include only options in the upper third of south-facing performance values, resulting in
1906 design options (Fig. 11). In the final step, stricter design criteria were implemented,
limiting adjacent columns to a maximum of 3 and maintaining a maximum spacing of
10 units. Performance demands were adjusted accordingly, with different criteria for
each cardinal direction. For the south-facing direction, the mid-third of performance
values was used, resulting in 441 options. The east-facing and west-facing directions
considered the upper third for Glare Analysis and the mid-third for Direct Sunlight,
Line of Sight, and spatial Daylight Autonomy, yielding 474 options. The north-facing
direction allowed for all upper thirds, resulting in 75 options. This final design out-
come represents an optimal solution achieved by incorporating design and multiple
performance criteria within these boundary conditions.

Fig. 11: (a) South-facing facade elements 15/441. (b) East- and West-facing facade elements 15/474.
(c) North-facing facade elements 15/75. (d) Final design of column placement.
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4 Conclusion and Future Work

Our approach enables intuitive navigation of high-dimensional solution spaces, in-
tegrating performance criteria and domain expertise without requiring deep tool un-
derstanding. It improves architectural design outcomes by incorporating performance
evaluation in the early stages. Currently, we focus on spaces up to 5 million solutions,
using dimensionality reduction and machine learning for fast computation. Future
steps include expanding to larger spaces, employing advanced techniques like Mani-
fold Learning for projection and neural networks for value estimation. We aim for a
step-by-step design process that narrows the solution space and refines performance
metrics.

Future research should focus on improving collaboration between architectural
designers and domain experts, refining and exploring the validation process and
analysis environment for performative evaluations. A standardized and robust digital
evaluation environment is crucial to reduce human errors in geometry and numeric
input declaration for simulations.

Wedeveloped an interactive interface for designers to navigate and preselect design
variations based on different criteria. To understand the high-dimensional solution
space, we implemented a visualizationassistance using arrayed concentric 2D point-
clouds. Using 3D surrogate geometries, designers can allocate cluster characteristics on
the 2D map. Further research and empirical testing are needed to create a user-friendly
interface and compare it with other computational design strategies. Our goal is to
demonstrate that SearchField enables informed decision-making and exploration of a
significantly larger solution space.
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Sarah Mokhtar, Renaud Danhaive, Caitlin Mueller
Neural Implicit Fields for Performance-Informed
Geometries in Building Design

Abstract: A high-performing built environment is essential for a livable future in cities
that will face increased pressures from densification and climate change. Designing
such buildings requires not only access to complex simulation workflows, but also
advanced means of geometry representation, so that concepts can be easily synthe-
sized, developed, and improved in early-stage design. Fundamental to this challenge
is the ability to generate and semantically manipulate structured representations of
buildings in iterative evaluation workflows through real-time performance feedback.
The introduction of continuous implicit fields has emerged as an alternative approach
to explicit 3D representations that is topology-, complexity- and resolution-agnostic, ca-
pable of representing high-level details in a compact, efficient, and structured manner
as well as promotes implicit-explicit and 3D-2D cross-modality without compromis-
ing differentiability that is essential for design interactivity and optimization. The
opportunities that such representations present for design and simulation in building
applications are presented through a novel framework in this paper. The focus is on
evaluating their usability for downstream design applications. The findings of this
study highlight the potentials for universal representations that are interchangeable
across simulation disciplines, spanning over a high-fidelity latent space that enables
geometric interpolation and optimization across its performance landscape.

1 Introduction

1.1 Motivation

1.1.1 Open challenge for high-performance design in architecture: representing the
built environment

A high-performing built environment is essential for a livable future in cities that will
face increased pressures from densification and climate change. Designing such envi-
ronments requires not only access to complex simulation workflows to capture their
perceptual and performative qualities, but also advanced means of geometry repre-
sentation, so that concepts can be easily synthesized, developed, and improved in
early-stage design. The built environment is inherently complex as it is composed of a
wide range of morphologically distinct structures, dominated by buildings that vary
substantially in scale, detail, and complexity. One key challenge lies in the ability of
a computational representation to capture high-fidelity features in an efficient and

Open Access. ©2023 the authors, published by De Gruyter. This work is licensed under the Creative
Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
https://doi.org/10.1515/9783111162683-030
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structured manner for buildings of arbitrary complexity, while concurrently balancing
between the diversity potential and realism of the learned representation space. To
support performance-driven design interaction and targeted optimization, the rep-
resentation should additionally enable generation and meaningful manipulation of
building geometries in iterative evaluation workflows that are coupled with real-time
performance feedback.

1.1.2 Learning 3D shapes for design and simulation

The integration of deep learning models for simulation workflows has attracted sub-
stantial attention in design and engineering fields due to their ability to learn highly
dimensional, non-linear, and complex phenomena. These workflows, however, require
effective methods of capturing the complexities and irregularities of 3D shape data.
Explicit representations have been widely used in 3D learning including voxels and
point clouds, which are restricted to low resolutions and lack explicit topology; octrees,
which lack differentiability; meshes, which in learning approaches rely on template
deformations restricting topology variations; and low-order representations, such as
depth-maps and hand-crafted feature descriptors, which cannot accurately capture
the 3D structure (Ahmed et al. 2018). The introduction of continuous implicit fields has
emerged as an alternative approach to 3D representation that is topology-, complexity-
and resolution-agnostic, capable of representing high-level details in a compact and
efficient manner and promotes implicit-explicit and 3D-2D cross-modality without
compromising differentiability that is essential for design iteration and optimization
(Remelli et al. 2020). It additionally provides the means to work with data in the wild,
and through its continuous latent space enables the expansion of geometrical design
explorations beyond hand parametrizations.

1.1.3 Neural implicit fields for building design

The capacity to develop high-fidelity compact representations for the built environ-
ment, enabled by recent advances in the field, motivates further explorations into
the opportunities that such representations present for the design and simulation of
building geometries. In contrast to other design and engineering applications that
typically deal with objects of pre-defined scale, architectural applications necessitate
an approach that can scale up to entire buildings. The dearth of openly accessible struc-
tured building geometry-to-performance datasets and the computational expense of
creating synthetic ones additionally motivates the need for universal building represen-
tations that can interchangeably be used across simulation disciplines and interpolate
geometrically across performance landscapes.



Neural Implicit Fields for Performance-Informed Geometries in Building Design | 399

1.2 Related Work

1.2.1 Learning continuous shape parametrizations using neural implicit fields

Neural implicit fields have been developed to learn continuous shape parametrizations
that map 3D coordinates to a signed distance field or occupancy function. Global shape-
conditioned formulations (Park et al. 2019), in addition to providing high-quality
single-shape reconstructions, enable latent-space interpolation within entire classes
of shapes. This is achieved by conditioning an auto-decoder fully-connected neural
network through latent code concatenation. The network learns to predict signed
distance values for associated input coordinates, through encoding individual shapes
in the latent variables and the entire class of shapes in the networkweights. The training
is achieved through backpropagation of a loss function accounting for the deviation
between predicted and actual signed distance values, a sparsity loss for latent codes
and often associated with weight regularization terms. The implicit representation can
be discretized to explicit representations at arbitrary resolutions (Xie et al. 2022). The
potentials of neural implicit fields have been highlightedwith a focus on reconstruction
of objects across scales, but their suitability for and integration in building design
applications has not yet been explored.

1.2.2 Exploring and optimizing latent spaces

The continuous latent space embedded in the learning of neural implicit fields ex-
pands their applicability beyond just efficient and compact encodings. Learning la-
tent space representations have been employed more generally to compress higher-
dimensional spaces for semantic synthesis and organization through capturing key
features and structural similarities (Grossmann et al. 2022) as well as for generative
modeling through sampling a learned underlying probability distribution or perform-
ing latent vector arithmetic operations (Asperti and Tonelli, 2022). Exploring learned
latent spaces more broadly and systematically has attracted less attention, but a few
approaches have been explored including random or guided latent space walks (Li
et al. 2021), interpolation and extrapolation (Park et al. 2019), as well as sampling
dimensionality-reduced latent spaces using linear and non-linear embeddings (Jahan
et al. 2021). Shape performance optimization operating on object-level learned implicit
parametrizations has also been proposed to promote topological diversity while main-
taining semantically correct generation of representations (Remelli et al. 2020). The
wide array of latent space exploration approaches, particularly for neural implicit fields,
offers a novel, yet largely unexplored, territory for smoother performance-informed
design integration.
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1.2.3 Design space exploration and latent space learning in architecture

Performance-driven design has been commonly approached in the architectural prac-
tice through coupling parametric modeling with performance simulation as a strategy
to balance between quantitative and qualitative design goals. This process is associated
with the challenge of generating a design space that is morphologically diverse and
semanticallymeaningful. Fit-for-purpose handcrafted parametricmodels, however, are
often not extendable, not scalable, biased, and constrained by themode and resolution
they were originally defined in.

Recent experimental work challenged some of these limitations through latent
space learning including floor plan generation and semantic characterization (Chaillou
2021), performance-constrained generative modeling for structural design (Danhaive
and Mueller 2021), structural morphology ideation using sketching (Ong et al. 2021),
among others. While these have shown substantial promise, they are still constrained
by their pre-defined dataset generation modes of production. Neural implicit fields
learning expands such latent approaches by enabling text-image-3D cross-modality
(Poole et al. 2022; Sanghi et al. 2022) through differentiable rendering and explicit-to-
implicit pipelines (Remelli et al. 2020; Guillard et al. 2021), enabling the learning to act
directly on expandable datasets of geometries rather than handcrafted parametriza-
tions, while providing the flexibility to sample geometries at varying resolutions that
match application-specific or simulation tool constraints.

1.3 Contribution

The opportunities that neural implicit field representations present for design and
simulation in building applications are presented here through a novel design
parametrization-to-exploration end-to-end framework. This is achieved through:
(1) demonstrating the diversity and morphological qualities of a building latent space
directly conditioned on geometry with no explicit parametrization, (2) developing a
structured approach to latent space exploration for design that concurrently captures
semantic characteristics of the design and performative landscape and provides
control over shape generation, and finally (3) integrating performance-driven feedback
through local gradient descent of differentiable analytical equations for building shape
refinement and optimization.
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2 Methodology

2.1 Design framework

The developed design parametrization-to-exploration framework consists of four main
stages, shown in Fig. 1: (1) acquisition and sampling of a large and morphologically
diverse dataset of building geometries, (2) training of continuous shape parametriza-
tions, (3) definition of differentiable performance evaluation functions, and (4) latent
space exploration. The framework provides the flexibility of continuously augmenting
the trained neural implicit model with more building geometry data as it becomes
available, and which can be sourced from datasets that are wild (e. g., from 3D scans
or individually modeled building datasets), synthetic (e. g., sampled from hand-coded
parametric models), or a combination of both. Defining differentiable objective func-
tions for common building performance goals is challenging and, in many cases, not
possible due to the black-box nature of most simulation tools. These can, however, be
replaced with proxy models through direct abstractions or deep learning pipelines,
which are becoming increasingly available.

Fig. 1: Design framework for performance-driven design with learned implicit representations.
A differentiable performance metric is evaluated over a human-legible latent space to support
comparing, exploring, and generating highly diverse geometries for buildings massings without the
need for hand-coded parametrizations.

2.2 Synthetic dataset generation

Large open-source morphologically diverse structured datasets of building geometries
are scarce. While neural implicit fields learning does not rely on explicit parametriza-
tion, in the absence of suitable and accessible geometric datasets for training, a syn-
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thetic dataset was developed for this paper. The latter can interchangeably be replaced
by and/or augmented with wild data. Thousands of individual building shapes were
generated synthetically through sampling a parametric model with variables including
size, height, shape, corner type, massing carving, lift-up conditions as well as vertical
and horizontal variations. Figure 2 shows the 2,000 building geometries used for train-
ing and validation and highlights a sub-selection for detailed inspection of some of the
generated forms. Considerations were made to ensure a balance between diversity and
representation potentials of the dataset with respect to real urban contexts. Building
geometries were centered in 400×400mbounding boxes and the smallest detail across
all ranged from 1 to 4m. For each building mesh, point samples were selected based
on a sub-set rejection sampling approach defined as a function of the distance d to the
mesh (Davies et al. 2020): where the probabilistic acceptance criterion is defined as
e−β|d|, where β is 80. Starting with 100M Latin Hypercube samples with the bounding
box, a smaller 1M points were re-sampled and augmented with 500k near-surface and
500k random additional samples for which corresponding signed distance values were
computed.

Fig. 2: Synthetic building dataset.

2.3 Training the continuous signed distance field

Learning shape-conditioned representations was achieved through training an auto-
decoder network comprising of 5 fully-connected layers of 512 hidden neurons and
ReLU activation functions. A latent code length of 256, initialized based on a normal
distribution with standard deviation of 0.01, is used to condition the network. The
loss was defined in two terms: a L1 loss accounting for the sum of absolute deviation
between predicted and actual signed distance values, and a latent sparsity term defined
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as the mean-square of latent code values. The parameters selected for training were
selected based on a trade-off between model performance as identified by informal
experimentations and computational feasibility. To assess the learned latent space’s
ability to represent out-of-training samples, for each geometry in the validation set,
the network weights are fixed, and their latent codes are optimized. Meshes are re-
constructed using Marching Cubes (MC), and the reconstruction quality is primarily
evaluated through visual inspection.

2.4 Differentiable performance evaluation – view factor

Physics-based simulations are essential to performance-informed building design, and
while they often rely on tools and methods for which differentiability is not straight-
forward, the development of differentiable proxy models offer an alternative. A dif-
ferentiable view factor approximation function was developed based on a naïve im-
plementation of Moller Trumbore ray-triangle intersection algorithm coupled with
differentiable relaxation of non-differentiable operations. This function is adapted to
capture three distinct proxy performance evaluations: (1) sky view factor, a metric that
describes the geometrical relationship between surfaces and the sky, and typically
provides insights into exposure to daylight and urban microclimate performance, (2)
cumulative incident solar radiation, and (3) access to views. The first calculates inter-
sections between rays cast from 145 points sampled on the sky hemisphere based on
the Tregenza subdivision scheme to a uniformly sampled offset of the building mesh
surface. The second, additionally, associates the 145 points with weighing factors that
correspond to cumulative radiation values extracted for the summer season in Boston
using Radiance. The third replaces the sky points with points sampled uniformly on a
horizontal surface representing a park view.

Figure 3 shows the performance distribution of all geometries in the dataset for the
three evaluation metrics and identifies best, worst and average performing shapes for
each. A faster and non-differentiable version of the performance objective function was
used for evaluating building shapes outside of optimization loops for computational
efficiency.

2.5 Latent space exploration

Latent space explorations were structured into three main strategies: interpolation
for design generation, sampling dimensionality reduced embeddings using principal
component analysis (PCA) for design space semantic organization and local optimiza-
tion for design improvements. Pairwise interpolations between building shapes in
the training sets are achieved through linear interpolations across latent vectors. To
explore the latent space in its PCA dimensions, uniform samples are defined across
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Fig. 3: Performance distribution of dataset across evaluation metrics.

two select principal components (PC) while keeping the mean value for others, fol-
lowed by inverse mapping to recover their corresponding latent parameters. For local
optimization, a starting latent code corresponding to a building of choice is initial-
ized and for each gradient descent step: the mesh is reconstructed using MC through
sampling the decoder, surface sample points are extracted and evaluated against the
differentiable view factor evaluation, loss terms are computed, and the derivative of
the explicit-implicit representation is derived based on the formulation by (Remelli et
al. 2020) in terms of surface normals. Two soft constraints are integrated to promote
feasible designs: a volume constraint term that accounts for the deviation between the
volume of the original and optimized design, and a conservative regularization term
that encourages designs that are close to the training dataset. The latter is defined as a
l2 norm of the difference between the latent vector and its closest k latent vectors from
the training set. The combined loss term is defined by the following expression:

Lcomb =
∑ns=1 VF(s)

n
+ α ⋅ ∑

zi∈Zk

‖z − zi‖22
|Zk|
+ β ⋅ |Vorig − Vcur|

It combines three terms: a performance term that captures the mean performance loss
across n point samples, a deviation from k latent vectors z trained latent space term
and a volume constraint term, for which their contribution to the total loss is tuned
using α and β.
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3 Results

3.1 Model training and reconstruction performance

The neural implicit field was trained on 1,565 geometries from the synthetic dataset
based on a 90/10 split, and for each batch, 16,384 points are randomly selected out of
the originally sampled 2M. The progression of learning is shown in Fig. 4, highlighting
the decrease in loss as the model learns and the reconstruction quality improvement
through a building sample. The ability of the network to reconstruct building forms
from their associated latent codes is shown in Fig. 5 which shows pairs of building
ground truth meshes from the training set and validation sets with their corresponding
reconstructed shapes at MC resolution of 128.

Reconstruction
during training

Ground truth

Converged reconstruction
at the end of training

250 500 750 1000

Fig. 4: Loss progression during training and corresponding reconstruction.

Reconstruction of training samples
at 128 MC resolution

Reconstruction of validation (unseen)
samples at 128 MC resolution

Ground truthReconstruction with a green
transparent overlay of a
ground truth geometry

Fig. 5: Reconstruction quality of training and validation samples.
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To highlight the deviation between pairs, a green transparent overlay of the ground
truth geometry is added on top of reconstruction for clarity. By visual inspection of
reconstructions, boundaries of building shapes are consistently identified, with erro-
neous artifacts associated with surface smoothness and smaller details, particularly
boundary shape protrusion variations, that are challenging for the model to learn.
These observations apply to both training and out-of-training samples, which is an in-
dication that the learnt latent space is continuous and has a representation ability that
extends beyond the data it was trained on. While reconstruction quality is an initial in-
dicator of the model’s learning success, for performance-informed design applications,
the smoothness and representation of the learnt latent space is the primary goal.

3.2 Exploring and evaluating the latent space

3.2.1 Interpolation for design generation

Pairwise latent vector interpolation between diverse building shapes, shown in Fig. 6,
was performed to inspect the representation fidelity and space continuity of the learned
latent space. For each pair of buildings from the training set, shown at the two ends of
A-R sub-figures, four intermediate buildings are generated from the model. Smooth
interpolations are achieved across diverse building features that vary in scale, com-
plexity, and detail. These include global features such as shape, vertical variation,
but also smaller-scale and more challenging features such as the lift-up conditions in
E, K and L as well as massing carvings in A and O. In addition to demonstrating the
quality of the latent space, interpolation can be used as a design technique in itself; for
example, a design team could input two candidate design geometries and use latent
space interpolation to generate intermediate designs that capture features of both.

3.2.2 PCA for design space semantic organization

To capture the key semantic building features learned by the model, uniform sampling
across 18 PC axes (dimensionally reduced from a latent space size of 256) was performed
at a resolution of 10 × 10 and visualized in Fig. 7. Zoom-ins identifying the corner
building shape conditions at the range extremities help identify the semantic meaning
of each set of PCs.

It is unsurprising that the first set of components represent height, size, proportion,
and rotation, which are key global building design features that vary considerably
across the built environment. The shape and vertical variation are captured in subse-
quent components, and fine and more local details such as massing carvings, lift-up
conditions and horizontal variations only identified in later components. The perfor-
mance landscape can be captured by evaluating these samples with respect to the
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Fig. 6: Design generation using latent vector interpolations.

three metrics, and as shown in Fig. 8. It provides a smooth representation of perfor-
mance variation across key semantic parameters of building design as identified by
the trained model. This shows a compelling and direct application of neural implicit
fields for performance-informed design, in which meaningful interpretation of design
parameter-to-performance associations can help make informed decisions without any
explicit design space geometrical parametrization.

3.2.3 Local optimization for design improvements

By integrating differentiability to the performance evaluation function, the continu-
ous latent space and associated shape embeddings offer the ability to improve the
shapes of buildings by operating on object-level low-dimensional and semantically
meaningful implicit parametrizations. These learned parametrizations are essential for
exploring large continuous shape possibility spaces to ensure feasible solutions to an
optimization process coupled with task-specific volumetric and/or spatial constraints.
Figure 9 shows the shape evolution of a select building at 50 iteration intervals during
an optimization for two metrics and three soft constraints conditions. As the gradient
flow is largely dependent on the performance evaluation of mesh reconstructions using
MC at every iteration, any reconstruction failure due to the incomplete definition of
surface boundary or volume collapse leads to interruptions in the optimization process.
In the absence of volumetric constraints, while this leads to higher performing geome-
tries at the onset, this shape collapse is observed early in the process. The two penalty
terms: volume penalty and distance from training set were tested to overcome this.
More consistent building shape propositions are observed, but with the now tougher
challenge of concurrently improving performance values. The sensitivity of the shape
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Fig. 7: Uniform sampling across PCA.

optimization to the performance evaluation function is shown in the formal variations
observed for the park view and sky view factor objective functions. While the first
promotes taller slender buildings oriented to maximize unobstructed park views, the
secondmaximizes exposure to the sky by orienting the vertical slope of building façade
up and rotating the shape to minimize surfaces obstructed by the high-rise building in
the surrounding context.

4 Conclusion

Motivated by the representation challenges associated with performance integra-
tion in architectural design, this paper presented a novel design parametrization-to-
exploration end-to-end framework using neural implicit fields. The findings indicate
that morphologically diverse design spaces and semantic associations between param-
eters and performance metrics can be made without explicit parametrizations. Results
show that smooth and meaningful latent design spaces are possible but that a balance
between reconstruction quality, computational efficiency and latent space quality is
challenging. For design and simulation applications, research into neural implicit
fields should expand the focus from just reconstruction quality and scalability to latent
space optimization and performance integration. This work expands the possibilities
for performance-informed building design through: (1) offering a continuous design
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Fig. 8: Performance landscape across PCA 1, 2, 5 and 6 for three metrics.

space parametrization of building shapes without the need for handcrafting param-
eters making them expandable to wild and synthetic datasets alike, (2) expanding
the integration of optimization workflows to complex geometries through coupling
efficient fixed-length and semantically-meaningful representations with differentiable
performance evaluation, and (3) enabling representation learning of buildings shapes
across scales and resolutions, across performance assessment frameworks and poten-
tially across modes (sketches, 3D geometries, etc.) through differentiable rendering.
The development of universal topology-, complexity- and resolution-agnostic building
representations that can interchangeably be used across creative design and simula-
tion disciplines have the potential to expand design space explorations to the global
performance landscape of design possibilities.
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Fig. 9: Shape optimization progression. Reported values give the performance component of the
loss terms.
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Quantifying the Influence of Continuous and
Discrete Design Decisions Using Sensitivities

Abstract: Early-stage design decisions significantly impact the performance of architec-
tural geometries and structures, especially in the context of high-performancebuildings.
However, most design problems involve a combination of continuous and discrete vari-
ables as decisions, making it challenging to understand their individual contributions
to performance. For instance, tradeoffs between geometry (continuous) and material
type (discrete) often lead to non-obvious performance behaviors, complicating the
inclination to establish “rules of thumb” for low-carbon structural design. In response,
we propose a new approach for assessing the influence of mixed variables on perfor-
mance based on variable sensitivities, with a focus on architectural applications. A
conditional variational autoencoder is trained to learn a continuous representation of
variables and their relationship to performance, and gradients of the learnedmodel are
used to compute the relative influences of variables on performance. Multiple scales of
insights are attainable: 1) locally at a design instance of interest, and 2) globally across
the whole design space. The method is demonstrated on a case study of designing a
structurally feasible gridshell for low embodied carbon.

1 Introduction

In the face of the climate crisis, designers are more motivated to produce high-
performing, low-carbon designs. Computational approaches offer a promising way to
do so, combining quantitative performance evaluation with generative techniques.
Parametric modeling and optimization techniques currently available for performance-
driven design are valuable, but two ongoing challenges persist: 1) the technical
challenge of exploring or optimizing mixed-variable (i. e. both discrete and continuous
design variables) design spaces, which are common in architectural design but un-
derstudied in computational methods; and 2) the tendency for computational tools to
prioritize providing designers with high-performing designs, rather than on revealing
generalizable knowledge and enriching human intuition about the design problem.

Recently emerging computational methods can be leveraged to overcome these
challenges and support new paradigms of performance-driven design. This paper
proposes and demonstrates one such method: conditional variational autoencoders
(cVAE) are used to build a learned representation of a mixed variable design space
and performance as a continuous knowledge landscape. The resulting sensitivities
can be computed automatically, and subsequently leveraged to provide both local and
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Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
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global insights that inform design decision-making. This approach addresses both
aforementioned challenges: 1) it offers a smooth way to handle discrete variables in
combination with continuous ones, and 2) it offers a technically rigorous, data-driven
way to produce insights on the design space. Themethod is demonstrated on a gridshell
design case study.

2 Background

2.1 Navigating mixed variable spaces in design

Discrete variables may pose a technical challenge to design space exploration. Existing
methods for design space exploration of mixed variable design spaces, in order from
least to most rigorous, include:
1. Relying on “rules of thumb” (e. g. “always use timber where possible”), which lack

specificity, carry cognitive bias, and are often too general.
2. Comparing just a few solutions across discrete choices, which risks omitting high-

performing regions in the design space.
3. Evolutionary methods, which iterate through the design space but lack guarantees

of convergence and a comprehensive understanding of influential decisions in
addition to a significant computational effort.

4. Mixed integer programming (MIP), a well-established optimization method that
provides a single optimal solution but lacks decision-making insights and typically
requires commercial tools for implementation.

The proposed cVAE approach combines the benefits and overcomes the limitations of
these existing strategies, providing a learned, continuous representation of the design
space to reveal cognitive insights about design decision-making in the design problem.

2.2 Extracting design insights from sensitivity analysis

Various methods are available to quantify the influence of design decisions on perfor-
mance. Classically, designers might attempt to understand design variable importance
through Exploratory Data Analysis (EDA), for example by identifying steep slopes in
objective-variable plots. This becomes impractical for high-dimensional design spaces.

Instead, we examine the opportunities offered by computing sensitivities, which
can be offered locally or globally. Local sensitivity analysis examines the impact of
input variable changes on the model output at a specific point and is widely used
in various fields such as ecology and environmental modeling (Cho and Jung 2003).
In contrast, global sensitivity analysis assesses these impacts (of inputs on outputs)
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across the entire design space and has been used inmany areas, including engineering,
physics, and economics (Saltelli et al. 2008).

Sensitivities are seldom used to provide insight in design decision-making, likely
because they are challenging or expensive to compute directly for parametric design
problems in which performance is computed via black box simulations or via hard-
to-differentiate operations such as matrix inversions (e. g. FEM). Existing methods for
approximating sensitivities include:
1. Finite differencing (e. g. Brown and Mueller 2018) which is limited to local rec-

ommendations (as opposed to global rules of thumb) in the design space due to
linear approximations of performance function evaluations and are therefore both
computationally expensive and inaccurate.

2. Automatic differentiation (AD) on a physics-based simulation (e. g. Hu et al. 2020).
This is a promising future direction as exact analytical sensitivities are directly
available. However, AD is not yet available for most performance function solvers,
and sensitivities in the sense of derivatives are not defined for discrete variables.

This paper’s cVAE approach employs AD to a learned continuous representation of the
mixed variable design space to instantaneously obtain reasonably accurate sensitivity
estimates once the model is trained.

2.3 Using generative models to produce design insights

Generative deep learning models are typically used in design for either optimization or
“generative design” purposes (Regenwetter et al., 2022). Here we use a generative model
for a different purpose: extracting design insights from a mixed variable design space.

Newer classes of generative models – e. g. conditional generative adversarial net-
works (cGAN) and conditional VAEs (cVAE) – improve upon conventional generative
models by not only reducing dimensionality of high-dimensional design spaces but
also incorporating performance as a condition; this enables the generation of high-
quality designs that satisfy performance criteria (Danhaive and Mueller 2021). These
developments are promising for performance-driven design applications, ensuring
generated designs meet desired performance criteria during design space exploration.
This work employs a specific cVAE architecture for co-learning a forward map between
features and performances as well as a conditional distribution over the design space.

Despite cVAEs’ potential to handle both challenges ofmixed variable spaces and ex-
tracting sensitivities, few have demonstrated its usefulness in design decision-making.
Balmer et al. (2022) recently present local and global sensitivities together with data
visualizations for decision-making. We extend it to summarize decision-making in-
sights as “influence metrics”, a data-driven variation of the typical and manual “rules
of thumb” familiar to designers.
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3 Methods

The proposed method is summarized in Fig. 1 and in the following sections.

(a)

(b)

(c)

(d)

Fig. 1: Proposed method for extracting influence metrics from a mixed variable design space via
cVAEs: (a) Data generation; (b) Build cVAE model; (c) Sensitivity analysis; (d) Influence metrics.

3.1 cVAE architecture

The basic deep learning model used in this study is the variation of the cVAE proposed
by Balmer, Kuhn et al. 2022. In light of having to solve both a forward as well as an
inverse problem, we forgo feeding the conditional y to the encoder and instead let it
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Fig. 2: The cVAE architecture enables solving both forward and inverse design problems. Adapted
from Balmer et al. 2022.

predict the performance metrics together with a latent vector in two separate terminal
nodes (Fig. 2).

Both the encoder and decoder consist of Multi-Layer Perceptron (MLP) Blocks with
fully-connected layers, leaky-ReLU activation, and batch normalization. The total loss
function Ltotal for training the cVAE is the sum of the reconstruction loss Ldes, accuracy
of predicted performance metrics Lperf, KL divergence LKL , and decorrelation Lcov
between y and z, with hyperparameters wi determining the contribution of each term:

Ltotal = w1 ⋅ Ldes(x, x̂) + w2 ⋅ Lperf(y, ŷ) + w3 ⋅ LKL(z) + w4 ⋅ Lcov(y, z) (1)

Further details on background theory as well as the implementation may be found in
Balmer, Kuhn et al. 2022.

3.2 Handling mixed variables: Pre-processing and obtaining
sensitivities

The mixed variable space requires a new process for handling of continuous and dis-
crete variables, summarized in Fig. 3. Discrete variables are common in AEC design and
can be ordinal (e. g. integer) or categorical (unordered); this paper focuses on the latter.

Proper pre-processing is essential before passing design features to the cVAE to
ensure comparable scales of sensitivities across variable bounds and units. Continuous
variables are normalized to a range of [0, 1], and categorical variables are one-hot
encoded. This variable pre-processing can be decoded later to retrieve the design
variables in their original ranges and physical units.

For continuous variables, signs of sensitivities are correlated with an increase of
the continuous variable value. For example, a positive gradient of embodied carbon
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Fig. 3: Obtaining sensitivities of performance relative to continuous and categorical variables from a
trained cVAE model at a reference design with design feature inputs x.

with respect to density indicates that an increase in density correlates with an increase
in embodied carbon. This gradient can be obtained directly from the trained cVAE
using AD on the encoder.

Categorical variables receive different sensitivity treatment. We extend the concept
of sensitivity analysis for categorical variables, focusing on the impact of switching
between specific categories. Rather than examining the overall sensitivity of embodied
carbon to material choice, we propose a more relevant metric: the sensitivity of embod-
ied carbon when transitioning from one category (e. g., steel) to another (e. g., timber).
To achieve this, we introduce a separate evaluation method using gradients to assess
performance with respect to categorical variables (Fig. 3).

3.3 Quantifying design variable influence

Presenting sensitivities in swarm and box-and-whisker plots (Balmer, Kuhn et al. 2022)
can give the designer a sense of design variable importance.

Here, we utilize Gaussian mixture models (GMM) to algorithmically extract mean-
ingful and rigorous insights from the data distributions, employing an established
technique for approximating multimodal data as a learned weighted sum of normal
distributions (Bischof and Kraus 2022).

The GMM returns means, variances, and relative weights of each distribution,
which we utilize to compute the proposed influence and uncertainty metrics, summa-
rized in Fig. 4. The absolute magnitude of these metrics is less meaningful than their
relative magnitudes.
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Fig. 4: Procedure for computing influence metric of a given distribution of sensitivities. For minimiza-
tion performance metrics such as embodied carbon, negative influence metrics indicate decisions
that improve performance, and vice-versa.

3.4 Example application

We evaluate the usefulness of our method by applying it to the design of a gridshell
(Fang and Mueller 2021) containing a mixed variable design space (Tab. 1, Fig. 5).
The effects of each variable on performance (embodied carbon) is somewhat intuitive,
making it a good example application for evaluating themethod.Weemployed standard
material properties for steel (S235 per EN1993) and timber (C24 per EN1995), while for
embodied carbon we use 1.23 kg CO2e/kg for recycled steel section and 0.51 kg CO2e/kg
for timber glulam (no carbon storage) (Jones and Hammond 2019).

4 Results and reflections

The results of applying the proposed method on the example application are presented
here. Figure 6 presents scatter plots of the objective-variable relationship, providing
an overview of the generated design space. While this EDA aids in understanding
performance trends, 2D projections can hinder insights, particularly for categorical
variables where data points tend to overlap.

The trained cVAE model exhibits good predictive performance (coefficient of deter-
mination R2 = 0.917, embodied carbon RMSE = 4786 kg CO2e). For brevity, training
andmodel details are provided in a separate digital appendix (https://demifang.github.
io/AAG2023/).

https://demifang.github.io/AAG2023/
https://demifang.github.io/AAG2023/
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Tab. 1: Parameters of gridshell case study. Output is an embodied carbon estimate under fully
stressed design assumptions.

Design variables Topology of gridshell: Discrete {A, B, C, D, E, F, G}
Subdivisions: Discrete, integer range varies by topology. (This variable is a
designer input and a proxy for the “density” of the gridshell topology. A com-
parable metric, total length of all bars in the structure, is used in the sensi-
tivity analysis to fairly compare “density” performance across topologies.)
Material (all gridshell bars): Discrete {steel, timber}

Geometry generation Topology is vertically projectedonto a continuous shell of constant geometry.

Energy assumptions/ Loading: 3 kN/m2 area load, applied as line loads
criteria – Full area

– Quarter area for asymmetric loading
Strength: designed to utilization ratio of 70%
Serviceability:maximum deflection of L/200 = 6.7 cm

Cross-section shapes Steel: circular tube with diameter-to-thickness ratio of 20:1
– Series: outer diameters at 1-cm increments (4 cm to 37 cm)
Timber: solid square section
– Series: widths at 6-cm increments (2 cm to 68 cm)

Cross-section sizing Sections are auto-sized to the smallest series section meeting the engineer-
ing design criteria. Auto-sizing occurs in two groups: edge bars and interior
bars.

Performance Embodied carbon (under fully stressed design assumptions), calculated by
multiplying mass and material embodied carbon coefficient

Fig. 5: Design space and engineering assumptions of gridshell example.
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Fig. 6: Design space and engineering assumptions of gridshell example.

4.1 Local sensitivities: Action-oriented insights from a specific
design

Local sensitivities assist decision-making when a designer is considering design deci-
sions from a reference design. Rather than display the performance of adjacent designs
and direct designers to select a specific design, sensitivities are presented as action-
oriented insights, emphasizing the influence of each design decision.

We present local sensitivities and example interfaces for four reference designs in
Fig. 7. For a chosen reference design, relative local sensitivities are shown as insights on
best and worst design decisions. The results mostly agree with expert intuition (choos-
ing topologies aligning with principal stress directions reduce embodied carbon, and
switching to timber is beneficial) while giving more precise quantifications of these rel-
ative decision impacts. The density variable leads to results that are potentially counter-
intuitive: in all cases, increasing the density (number of subdivisions) of the grid wors-
ens performance. This result is likely due to the discrete nature of available cross sec-
tions. Our method can thus expand an experience-based understanding of the design
problem based on data. This is especially useful in high-dimensional design spaces.

One can also understand the relative performance of the reference design with
respect to its local neighborhood: for Design 4 in Fig. 7d, several design decisions have
a large negative sensitivity, indicating that there are a variety of ways to significantly
improve performance. We can more rigorously understand decision-making insights in
the local neighborhood by evaluating the sensitivity of designs within a neighborhood
of the original variable space of the reference design. An example is shown (on one
of Fig. 7’s reference designs) in Fig. 8. Relative magnitudes of sensitivity within each
neighborhood are more meaningful than relative or absolute magnitudes of sensitivity
across neighborhoods due to scaling of categorical sensitivities.

Examining neighborhood sensitivities contextualizes the degree to which local
insights can be generalized in the larger neighborhood. For example, we can consider
Design 1 across Fig. 7 and Fig. 8. The local sensitivities in Fig. 7a show that for Design 1,
switching from current topology C to topologies B or F reduce embodied carbon. How-
ever, Fig. 8 indicates that in the specified neighborhood, this is almost always true for
a switch to F but not for B.
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Fig. 7: Local sensitivities of 4 reference designs, annotated with design interpretation. The sensi-
tivities of the categorical variables are scaled to match the order of magnitude of the continuous
sensitivity individually for each design, so the magnitudes of sensitivity are not directly comparable
across designs.

Fig. 8: Local sensitivities of a reference design, in neighborhoods of varying sizes. The radius is
applied to the continuous variable density, while a full factorial sampling is done for the categorical
variables. The number of designs does not increase with increasing neighborhood radius because
the same number of designs are sampled (random uniform) regardless of neighborhood size.
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In general, computing local sensitivities – either at a reference design (Fig. 7) or in the
neighborhood around it (Fig. 8) – already improve on EDA by giving specific decision-
making feedback.

4.2 Global sensitivities: Data-driven rules of thumb

Sensitivities at the global scale provide more generalized insights on decision-making
for the design problem. These generalized insights are similar to “rules of thumb”
typically employed by designers during more manual design. We extend the box-and-
whisker swarm plots used by Balmer, Kuhn et al. 2022, enhancing the decision-making
process with performance filtering. In Fig. 9, we illustrate this approach in the context
of the gridshell case study. By adjusting the performance filter, we control the number
of designs included in the analysis. Using the cVAE decoder, we generate additional
designs that alignwith the filtered performance criteria, alongwith their corresponding
sensitivities. Focusing on the top 5% performing designs (Fig. 9d) allows for more
targeted insights regarding influential design decisions among already high-performing
designs, compared to considering the entire design space (Fig. 9a).

(a) (b)

(c)

(d)

Fig. 9: Global sensitivities of the dataset at varying performance filters.

4.3 Quantifying the influence of design variables

The Gaussian Mixture Model (GMM) fitting approach described in Sec. 3.3 can be
applied to any distribution of sensitivities; for brevity, we only show results on global
sensitivities. The resultingmeans, standarddeviations, and relativeweights determined
by the GMM fitting are shown in Figure 10. This representation reduces some of the
complexity of the same distribution’s box-and-whisker swarm plot (Fig. 9a).
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Fig. 10: Results of the GMM fitting on global sensitivity distributions determined by the cVAE. For
many decisions, the data are distributed in multiple modes, which is captured in the GMM fit and
represented here graphically. This indicates that the design decision can have a variety of impacts
on performance, depending on location in the design space.

Fig. 11: Signed influence metrics of design variables on embodied carbon.

Signed influence metrics are provided in Fig. 11, computed by combining the results of
the GMMmodel for each decision (Fig. 4). Negative influence metrics λ− indicate a vari-
able’s influence on enhancing performance (lower embodied carbon), while positive
influence metrics λ+ on worsening performance (higher embodied carbon). δ− and δ+
represent the associated uncertainty metrics for each influence metric, respectively.
By identifying variables with higher λ+ and lower δ+ values across the design space,
one can understand that switching to Topology A overwhelmingly (in magnitude and
certainty) worsens performance, followed closely by switching to steel. Switching to
timber is the most influential design decision (in magnitude and likelihood) for improv-
ing performance, though not by much more than switching to topologies other than A.
Increasing density generally worsens performance but with high uncertainty. We can
confirm this by revisiting the EDA (Fig. 6) and noticing that changes in embodied
carbon are relatively flat for a given topology of increasing density, an insight that was
harder to identify without Fig. 11.

The influence metrics of material categories steel and timber are unexpectedly
asymmetric though expected to be symmetric (Fig. 6). The authors identified the cVAE



Quantifying the Influence of Continuous and Discrete Design Decisions | 423

Fig. 12: Absolute influence metrics of design variables on embodied carbon.

Tab. 2: Table 2. Dashboard of absolute influence (categories aggregated into categorical variables).

Density Topology Material

Aggregated absolute influence (Λ) 0.231 0.127 0.158
Aggregated uncertainty (∆) 0.235 0.126 0.081

model encoder’s prediction error to not be a zero-mean Gaussian, propagating into
asymmetries in sensitivities and influence during the process of calculating λ. Solutions
for overcoming this limitation are discussed in Sec. 5.

Finally, absolute influence metrics Λ and their associated uncertainty ∆ are pre-
sented in Fig. 12. We can also present this as a “dashboard” (Tab. 2). These metrics
further abstract previously available insights, approaching classic “rules of thumb”,
and might be useful for designers as general insights in the earliest stages of decision
making. For example, the metrics indicate that choice of topology and density can be
just as or more influential than material choice (Fig. 12), while material choice more
certainly impacts performance than density or topology (Tab. 2).

4.4 Reflections

The example application of the proposed method demonstrated alignment with
expected insights and rules of thumb. A summary of advantages and disadvantages
associated with each visualization or metric is presented in Table 3. We observe
tradeoffs between exhaustive representation of sensitivities and interpretability of
sensitivities for decision-making insights. Overall, we recommend the GMM summary
(Fig. 10) and signed influence metrics (Fig. 11) as representations that balance these
properties.
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Tab. 3: Parameters of gridshell case study. Output is an embodied carbon estimate under fully
stressed design assumptions.

Visualization or
metric

Data represented Advantages Disadvantages

Exploratory Data
Analysis (Fig. 6)

Performance of
full dataset

Understand range of per-
formance available; Ob-
serve some prominent
global trends

Unwieldy for multivariate
design problems; Hard
to get decision-making
insights, especially locally

Bar plot (Fig. 7) Sensitivities at 1
reference design

Get clear decision-making
insights from the reference
design

Insights are only applica-
ble at a single reference
design

Box-and-whisker
swarm plot
(Fig. 8, 9)

Distribution of
sensitivities at
multiple designs

Swarm representation
exhaustively depicts the
distribution

Can be hard to interpret
swarm representation
for decision-making; Box-
and-whisker plot does not
account for multi-modal
behavior from local effects

Gaussian Mixture
Model summary
(Fig. 10)

Distribution of
sensitivities at
multiple designs

Simplifies complexity of
swarm representation to a
few key values; Accounts
for possible multi-modal
behavior from local effects

Reduced data resolution

Signed influence
metrics (Fig. 11)

Distribution of
sensitivities at
multiple designs

Provides a quick snap-
shot on how each variable
improves OR worsens per-
formance across a set of
designs

Drastically removes nu-
ance from the GMM sum-
mary

Absolute influ-
ence metrics
(Fig. 12)

Distribution of
sensitivities at
multiple designs

Most immediately inter-
pretable; closest to a “rule
of thumb”

No longer captureswhether
a decision improves or
worsens performance

5 Conclusions

This paper proposesnewmetrics for quantifying the influence of designdecisions, using
sensitivities of a trained cVAE for architectural applications. The proposed method
successfully serves as an automated, data-driven way to reveal insights for design
decision-making. The cVAE is newly proposed for not only generating designs but also
primarily extracting sensitivities of mixed variables in a design space, information that
was not previously accessible from data generation alone.

The proposed influence metrics combine qualitative and quantitative represen-
tations to communicate actionable decision-making insights. We show a range of
visualizations and metrics, discussing their respective limitations and advantages.
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Ultimately, designers can choose levels of resolution and abstraction that best suit
their design-decision-making process.

This approachhas some limitations. The cVAE requires anupfront, time-consuming
process of generating data and training (although it is instantaneous to query once
trained). Model accuracy should be assessed in each application. Even models trained
to reasonable accuracy provide approximate sensitivities; in our example, the model
produced asymmetries in influence metrics that are expected to be symmetric. This can
be addressed in future work by enforcing symmetric sensitivities or reducing prediction
errors in the back-end model, and continuing to verify the intuition of the influence
metric formulation in other design problems. Furthermore, the dataset in this case
study contained a full factorial set of structurally viable designs; the cVAE is assumed
to have learned to produce structurally viable designs. Future applications should
consider an explicit representation or a condition for ensuring generated designs are
structurally sound. Additionally, for the proposed influence metric, the GMM fitting
necessarily assumes normal distributions for identifying multimodal behavior.

In future work, more elements of the cVAE can be harnessed for design, such
as the latent space for correlation and neighborhood sampling, and the decoder for
generating new design concepts. The method can be useful to inform and drive design
problems beyond the case study presented here, such as investigating the material-
and topology-related design decisions most influential in reducing carbon emissions
in multi-story conventional buildings.
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Jelena Milošević and Ognjen Graovac
An Approach to Designing Architectural
Structures Using 3D Graphic Statics

Abstract: Graphic statics is a well-established method for designing diverse typologies
of architectural structures. Although thismethod has been in use since the 19th century,
the advent of digital technologies contributed to its current, more widespread usage.
This paper presents the application of 3D graphic statics for finding structural forms.
Parametric design tools based on 3D graphic statics for explorations in a generative
design process was employed. The explorations were implemented by the 3D Graphic
Statics plugin developed for Grasshopper visual programming editor for the commer-
cial computer-aided design (CAD) system Rhinoceros, commonly used by architects.
The design outcomes confirm the effectiveness of the approach based on geometrical
operation for designing efficient structural forms composed of elements in perfect
geometrical equilibrium with external forces. Furthermore, graphical methods are
intuitive and facilitate rapid statical calculations in the conceptual stage of the archi-
tectural design process. Moreover, the description of the design approach also allows
for reflection on its methods, outcomes, and the interactions of designers with design
tools throughout the design process. Finally, this study informs architects about the
increasingly sophisticated design tools made available by digital technology to support
architectural design and how these tools compare to older design mediums.

Keywords: architectural design, computational design tools, spatial structures, form-
finding, graphic statics, design research

1 Introduction

Graphic Statics (GS) includes a set ofmethods for efficiently designing diverse structural
typologies in architecture including arches, vaults, and bridges. The method is based
on geometrical operation, and the principle that forces in the structural elements are
in equilibrium with the external forces. The method is intuitive and facilitates rapid
statical calculations (in comparison to, for example, Finite Element Analysis), which
makes it relevant for the conceptual design stage.

There are only indications that the Romans and later the Byzantines were familiar
with specific graphic techniques. Even though the late Gothic is full of geometrically
intricate structures like vaults, arches, rosettes, and buttresses, very few recorded
sources provide thorough information on the used graphic techniques. Moreover, until
the 20th century, no techniques could reliably describe the equilibrium state of Gothic
vaults. Several ancient concepts came back into prominence during the Renaissance
and Baroque periods, and structural design approaches based on mathematics and

Open Access. ©2023 the authors, published by De Gruyter. This work is licensed under the Creative
Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
https://doi.org/10.1515/9783111162683-032
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graphics underwent extensive development. The equilibrium state of arches and domes
based on a closed polygon of forces is graphically described by Simon Stevin’s rule on
the parallelogram of forces (1586). More elaborate elliptical formswere also built during
the Renaissance and Baroque periods, along with significant structures including the
St. Peter’s Church (1506) by Bramante and Michelangelo, and Santa Maria del Fiore
(1436) by Brunelleschi (1436).

The contributions of various authors allowed GS to become an established scien-
tific discipline. Hooke (1676) described the connection between the geometry of the
tensioned chain and compressed arch with the anagram: As hangs the flexible line, so
but inverted will stand the rigid arch. Gregory independently came to the same conclu-
sion and developed effective equations in 1689. Poleni (1743) calculated the equilibrium
state of the dome of St. Peter’s during the restoration using an inverted chain model.
Rankine introduced the idea of the reciprocity of the diagram of forces and form in
1864. Maxwell established geometric procedures for constructing reciprocal diagrams
in 1864, while Culmann (1866) established mathematical proofs. Also, Cremona (1879,
1880) shaped GS as a method for solving specific structural problems in 1890. In addi-
tion to these studies, the thrust line theory was developed in the 19th century (Mosely
1843; Heyman 1989; Benvenuto 1991). Milankovitch (1907) contributed to the field by
formulating a comprehensive thrust line theory and a mathematical knowledge of the
equilibrium state of structures.

Gaudi instrumentalized his knowledge of graphical methods for determining struc-
tures to develop distinctive architectural design methodology at the beginning of
the 20th century (Burrey et al. 2005). He applied graphic and experimental methods
in designing and constructing his unconventional equilibrium forms (Huerta 2003).
Gaudi’s work and design approach came back in focus in recent years due to the emer-
gence of complex architectural forms and interest in generative form-finding. The term
“form-finding” refers to the process of finding the best shape that best represents (or
approximates) the state of static equilibrium design (Lewis 2003) as an alternative to
random free-form. In the later decades of the 20th century, physical models as instru-
ments for form-finding were replaced by digital tools, facilitating further development
and implementation of more complex concepts.

Although GS represents an intuitive technique for the exploration of structural
forms in two dimensions (Zalewski and Allen 1998), three-dimensional graphic static
(3DGS) methods were also developed (Foppl 1892). The application of 3DGS methods
was constrained because of rather complicated procedures that require knowledge
of several specific rules of projective geometry. Developments in computational tech-
nologies motivated the recent interest of researchers in this topic. The modeling of
vaults as a discrete network of forces in equilibrium with gravity loads were proposed
based on Heyman’s (1982) principle (O’Dweyer 1999), expanded further through the
Thrust Network Analysis (TNA) (Block 2009), various related methods (Angelillo et al.
2010; Fraternali 2010), and Thrust Surface Method (Fraddosio 2020). In addition, in
recent years, many authors have explored the topic of 3DGS. The results of the literature
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analysis (Fig. 1) show increased interest in GS in recent years, covering a wide specter
of topics from new methods and design tools to digital fabrications.

Fig. 1: Literature analysis including information on number of papers (N), citation (C, M), number of
authors, their impact, and connections; thematic frame; type of publication.

Various authors developed computational tools. Tools such as software modules for
computational-aided design (CAD), which is standardly used in architecture, have
increased interest in using GS in the early design stages. An example is RhinoVault by
Rippmann (2012; 2014) developed as a plug-in for Rahinoceros commercial CAD system
for 3Dmodeling.Using the samebenefits ofGraphic Statics,RhinoVAULT uses reciprocal
diagrams to provide an intuitive, rapid form-finding tool for structural design in three
dimensions. The application of the tool in structural design is best exemplified by
Armadillo Vault, constructed for the Architecture Biennale in Venice in 2016 (Rippmann
et al. 2016). Also, a form-finding tool developed for Rhinoceros using the principles of
3DGS is PolyFrame by Akbarzadeh and Nejur (2018). This computational tool allows
the construction and manipulation of reciprocal polyhedrons for compression-only
structural form-finding. Finally, the 3D Graphic Statics by Graovac (2019), a parametric
tool for the Rhinoceros/Grasshopper that facilitates a parametric approach to structural
design based on 3DGS, is tested in this paper, in an educational context, for its use in
early design stage.

A previous brief overview of the GS history illustrates the constant development of
the method supported with new theoretical knowledge and technological advances, as
well as recurring interest in its architectural application. This suggests that it is relevant
for architects to learn about GS methods and tools.
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2 Design Application

The premise of this study is that using the 3DGS computational design tool, which is
integrated into a standard CAD modeler, throughout the architectural design process
enables designers to explore a variety of effective structural forms and broaden their
design vocabulary intuitively and interactively. To test the previous premise, design
by research method was used in an educational context. The first part of the research
was a study conducted within the course Research Methodologies in the first year of
Ph.D. studies at the University of Belgrade – Faculty of Architecture (UB–FA). The study
focused extensive review of the development of GSmethods and procedures and aimed
to test that knowledge practically by developing a computational design tool based on
3DGS. The second part of the research included user study of the 3D Graphic Statics
plugin for Rhinoceros/Grasshopper by Graovac (Fig. 2) through design experiments
conducted with the group of master architectural students at the UB–AF within the
elective course Form-finding of Spatial Structures.

Generate Form 3D – SubD Generate Form 3D – Bended

Fig. 2: An example of form-finding of a bridge structure using 3D Graphic Statics plug-in.

2.1 Computational Implementation of 3DGS Concepts

The developed plugin implements common GS concepts (Clarke 2018). In GS, the forces
acting on a structure are represented by lines or vectors, and their magnitudes and
directions are accurately depicted. The graphical approach allows visualization and
analysis of complex interactions of forces in a structure without complex mathematical
calculations. The fundamental principle of graphic statics is based on the equilibriumof
forces. By constructing reciprocal force and formdiagrams, themagnitude anddirection
of unknown forces can be determined, and the overall equilibrium of the structure
can be found. Traditional application of GS implies using 2D reciprocal diagrams;
however, the method was extended in 3D using the principle of the equilibrium of
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polyhedral forms and is known as 3D/polyhedral/spatial GS. While traditional GS
primarily focuses on 2D structures, 3DGS allows for analyzing more complex spatial
structures (including trusses, frames, and arches). Table 1 summarizes the differences
between the two graphical representations and equilibrium representations in 2DGS
and 3DGS.

Tab. 1: Differences between key graphical representations in 2DGS and 3DGS.

2DGS 3DGS

Graphical
representations

Force diagram/polygon
Represents a magnitudes and direc-
tions of the forces acting on a struc-
ture. It is constructed by drawing lines
or vectors to scale, where the length
of each line represents the magnitude
of the corresponding force, and the
direction of the line represents the
direction of the force.

Force diagram/polyhedral
They represent the magnitudes and
directions of forces acting on a 3D
structure. The edges or faces of the
polyhedron correspond to the forces
acting on the structure, and their
lengths or areas represent the magni-
tudes of those forces.

Form diagram/polygon
(also called funicular polygon, or an
influence line diagram) Represents the
distribution of internal forces within a
structure. It shows the path of the re-
sultant force for a given set of external
lodes applied to the structure.

Funicular diagram/polyhedral
Represents the flow or forces through
a spatial structure and shows the
paths of resultant forces for different
loading conditions.

Equilibrium Closure of polygon
The lines forming force polygons in
2DGS must close to indicate force
equilibrium. The closure of the force
polygon ensures that the sum of
forces and moments acting on the
structure is zero.

Closure of polyhedral
Force polyhedral in 3DGS must satisfy
equilibrium conditions. The closure of
the force polyhedron ensures that the
sum of forces and moments acting on
the structure is zero. The polyhedral
must be convex.

In GS, force and from diagrams are two key graphical representations of the forces
acting on a structure and aid in determining the internal forces and stability. The
external and internal forces acting on the structure are considered to construct a
force diagram. External forces include applied loads, reactions at supports, and other
externally applied forces. Internal forces result from the resistance of the structure to
external forces and are usually represented by lines within the structure. The form
diagram is constructed considering a particular force or load applied to the structure.
The lines or vectors representing the internal forces are drawn to scale and connected to
form a polygon, known as a form polygon or form diagram. The form diagram provides
insights into the load paths and the magnitude of internal forces at different points
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along the structure. By analyzing different load cases and constructing corresponding
form diagrams, engineers can understand how the structure responds to different
loading conditions and optimize its design for strength and stability.

The force and the form diagram are fundamental tools in GS, allowing analysis
and understanding of the equilibrium of forces in structures (Fig. 3) without the need
for complex mathematical calculations. Furthermore, these graphical representations
facilitate the visualization and optimization of structures, leading to efficient and safe
designs. Since force and form diagrams are topological duals, design explorations
could be done by manipulating either force or form diagrams.

Fig. 3: Representation of statical equilibrium in 3DGS.

Unlike 2D methods, 3DGS is challenging to perform manually, so it was implemented
in the 3D Graphic Statics computational tool for generating funicular structures. The
development of the tool had several goals, including automation of the process of force
diagrams’ construction and acceleration of the design exploration process by facilitat-
ing rapid production of alternative formal solutions. The tool is implemented as a set of
components within the Grasshopper environment for visual programming. It uses the
advantages of real-time geometry preview, which facilitates form exploration based
on simulation results. The increased popularity of the parametric modeling design ap-
proach caused the development of diverse software; however, Rhinoceros/Grasshopper
interface and strong community support set this system apart, and the development of
the tool as a module within this system facilitates exploration connecting of 3D Graphic
staticswith other Grasshopper tools. Most of the implemented procedures are based
on the research conducted by Block Research Group (2009–2023) at ETH Zurich and
Polyhedral Structures Laboratory (n.d.) at Weitzman School of Design, University of
Pennsylvania. These approaches are repackaged and generalized in the new plugin for
design.

Implemented form-finding algorithmof 3DGraphic Statics incorporates twophases:
preparation (phase 1) and simulation (phase 2). Phase 1 includes subsequent steps:
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Step 1.1 Construct a node (point) inside each polyhedron.
Step 1.2 Determine the interconnections of polyhedral and connect the nodes

with lines.

Phase 2 is iterative problem-solving and includes the next steps:

Step 2.1 Rotate the lines around the center so they are parallel to the side normal.
Step 2.2 Connect the separated nodes with the arithmetic mean.
Step 2.3 Repeat until all corner deviations are below tolerance.

Implemented algorithm enables interactive structural form-finding by manipulating
both form and force diagrams in parametric settings (Fig. 4). Regarding previous, the
plug-in provides a set of components including components for subdividing polyhedral
cells, form-finding processes, computing forces, generating cross sections.

force diagram form diagram force diagram form diagram

Face subdivision Polyhedron subdivision

a

v󸀠 = 44
e󸀠 = 147
f 󸀠 = 176
p󸀠 = 72

Γ󸀠

b

p = 44
f = 147
e = 176
v = 72

Γ

c

Fig. 4: Form-finding using implemented 3D Graphic Statics algorithm.

In the general structure of the plugin (Fig. 5), components are organized in several
pallets (corresponding form-finding algorithm). The first pallet contains pre-processing
components which enable initial geometry description and manipulation. The second
pallet is the processor and contains components that implement constructing methods
and solvers. The third pallet comprises components for post-processing that enable
extraction and representation of geometric data. Besides, the plugin contains two
additional pallets of utilities and presets containing components that are generally
useful for diverse modeling operations. With this digital tool, architects, engineers,
students, and researchers can create a parametrically driven system to generate optimal
structures of aesthetics.
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Fig. 5: Structure of 3D Graphic Statics plugin for Grasshopper.

A Grasshopper definition for form-finding of equilibrium structures that uses 3D
Graphic Static components (Fig. 6), includes following steps:

Step 1 Set parameter system that generates polyhedral.
Step 2 Convert polyhedral to 3DGS data.
Step 3 Use one of the shape simulation solvers.
Step 4 Based on one known force, match the intensities of the others.

Fig. 6: Grasshopper definition for form-finding equilibrium structures using 3D Graphic statics
components.

2.2 Educational/Design Applications

The architectural design application of 3DGS and the developed tool were tested in an
educational context. The design project was implemented as a task within the elec-
tive course for master architectural (MA) students. The course introduces students
to form-finding methods and tools and their application in designing spatial struc-
tures (particularly form-active structures) in architecture. Since the course is primarily
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theoretical, the practical design activity was organized as time constrained workshop
during second part of the autumn semester of the academic year 2022/2023. Students
working in groups were assigned to design lightweight spatial structures. The work-
shop’s goal was also to connect PhD research andMA education and engage students in
a collaborative manner of work. The learning outcomes of this practical course activity
were to acquire theoretical and methodological knowledge on 3DGS in architecture,
improve digital modeling skills, and exceed themselves in suggesting novel design
proposals.

Workshop was implemented as a one-day block of classes that included three
parts:
– A lecture on the theoretical basis of graphic statics,
– Instruction related to the application of the 3D Graphic Statics plugin, and
– Designing of spatial structure.

This organization facilitated students to gain procedural experience related to the
specific design process and acquisition of competencies through working on a specific
design task with the help of workshop tutors. Furthermore, problem-solving design
activity motivated the development of knowledge and skills in a creative environment.
Also, students took advantage of digital tools to produce interactive, collaborative prod-
ucts. In the continuation of this paper, three design proposals produced by students
during the workshop are presented. The results of the workshop, and three design
proposals, are presented in Fig. 7.

Previous user study generally validates the practical application of the 3DGS in
the early stage of the architectural design process. However, based on the artifacts
produced during the workshop and conversation with participants following potentials
and limitations were identified concerning the application of the 3D Graphic Statics
plugin for the design:
– Using a tool based on 3DGS provides valuable insights into the behavior and

stability of spatial structures, allowing designers to optimize their designs.
– The tool enables the production, testing, and elaboration of diverse design con-

cepts.
– The tool enables rapid and easy form explorations and the creation of alternative

designs.
– The plugin represents an intuitive design tool that enables structural evaluations

adequate for the conceptual design stage.
– Implementing 3DGS as a plugin of a standard CAD environment familiar to archi-

tects makes this tool more receptive to designers.
– The tool can support the creative process and lead to the emergence of structurally

rational and aesthetically pleasing forms.
– The workshop enabled students to familiarize themselves with 3DGS, improve

modeling skills, and creatively apply these competencies to the design activity.
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Variation

Class students: Ðorđe Milisavljević, Luka Marković,
Lazar Žikić and Danilo Radovanović

Scope: Design of a canopy with the rational
number of nod connections

Process: (1) Selection of global geometries and
experimentations with several types of closed bodies
(e. g., cubes and pyramids); (2) Selection of capped
pyramid as a geometry for further elaboration;
(3) Design elaboration through further form
segmentation and generation of new structural
formations; (4) Optimization of number of rods

3DGS application: Using plugin for production of
design alternatives and fast structural evaluation

Modularity

Class students: Petar Rakić, Ðorđe Stanojlović,
Nemanja Papić and Sara Brkić

Scope: Design of a modular canopy and exploration
of construction efficiency

Process: (1) Form-finding of a modular element;
(2) Design explorations of a architectural composition
made of modular elements; (3) optimizing number
of rods and modular units

3DGS application: Using plugin for form-finding of
a modular element and fast structural evaluation

Assembling – disassembling

Class students: Jovana Lazarević, Tijana Pejić,
Tamara Bojović, Filip Vasić and Jovana Stakić

Scope: Design traveling pavilion out of a
demountable kit of architectural elements

Process: (1) Form-exploration by varying parameters
concerning polyhedral (number of sides, number of
divisions); (2) Selection of a geometry for further
elaboration based on fabrication efficiency demands;
(3) Design elaboration and production of the catalogue
of elements (rods and nod connections)

3DGS application: Using plugin for design
explorations and fast structural evaluation

Fig. 7: Topics and projects produced during workshop.
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– Different levels of digitalmodeling skills and time constraints affected thework pro-
cess and result. A more personalized approach to teaching students computational
modeling skills should be considered in the future.

– Organization of workshops at masters’ studies based on the results of research
conducted within Ph.D. studies proved to be very motivating for students.

– Learning by working on a design problem interested architectural students in
structural engineering concepts and familiarizing them with the tool that could be
applied in work on different architectural design projects in the future.

3 Conclusion

This paper contributes to the studies of using computational tools in creative design
processes. By focusing 3DGS method, its computational implementation and practical
application study illustrate an approach to designing architectural structures. The
design results support the efficacy of the geometrical operation-based method for
creating structural formsmade up of parts that are perfectly in geometrical equilibrium
with external forces. This approach is a sustainable way of designing complex spatial
structures, particularly from-active structural typologies.

Standard CAD software supports architectural design creation through geometric
operation without information on the tectonic quality of obtained forms. On the other
hand, structural analysis is usually performed based on these geometries in specialized
engineering software after the design is established. This analytical step requires a
relatively long time, and structural analysis feedback may ask for design modifications.
Since the structural behavior of complex forms is difficult to predict, the possibility of
early feedback on the structure is essential.

In contrast, generative form-finding, that become lately widespread in architec-
tural design due to the development of various digital tools, enables a structurally
informed design process. Interacting with structures characterized by a force-geometry
relationship, the designer can directly observe structural behavior while exploring
possible forms. This encourages an exploratory approach to design and supports un-
conventional solutions that integrate and respond to design intent. The structural and
dimensional evaluation of the form is not an afterthought but an essential part of the
design process.

The field of GS continues to evolve, and some of the future perspectives of the
development of this field that could be considered may include integration with com-
putational methods relying on hybrid approaches that leverage the benefits of both
graphical and computational methods. Previous could facilitate more efficient and
accurate analysis of complex structures. Also, developing (specialized) digital soft-
ware tools for GS will likely continue. Besides tools that can be integrated within CAD
systems, tools that can be integrated with the Building Information Modelling (BIM)
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systems could be developed to provide real-time feedback during the design process
and enable seamless integration of GS with other engineering disciplines. Furthermore,
advancements in computer graphics and visualization techniques could enable re-
search of more immersive and interactive force and form diagrams using virtual reality
(VR) and augmented reality (AR) technologies.

Furthermore, GS principles could be applied to design, analyze, and optimize
advanced structural systems that involve more complex geometries and behaviors,
including tensegrity structures, deployable structures, and adaptive structures. GS can
play a role in analyzing and optimizing structures for material efficiency and structural
performances and developing sustainable solutions, contributing to the overall goal of
sustainable, environmentally conscious design. Moreover, GS can be applied in the
design and optimization of 3D-printed structures for the production of innovative and
efficient designs that leverage the unique capabilities of digital fabrication processes.
Finally, although GS has a research history and strong theoretical foundations, future
perspectives include further research and educational efforts to explore and expand
the application of GS in various fields, including architecture.
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Rationalizing Principal Stress Line Networks
Using an Agent-Based Modelling Approach

Abstract: The principal stress line (PSL) network, which consists of two sets of orthog-
onal curves visualizing internal forces, provides an idealized material distribution
scheme for structural design under given boundary conditions. While there have been
some excellent cases utilizing PSL in structural designs, the application of PSL has
been limited due to a lack of effective methods for generating and rationalizing PSL
into efficient structural networks. This study proposes an agent-based modelling (ABM)
approach that enables designers to generate and tailor PSL networks during the con-
ceptual design phase. This rationalization process is carried out in two consecutive
steps, with two corresponding agent systems being developed. Firstly, a “degeneration
agent” system is created to identify degenerate points on the designed surface where
the orthogonality of the PSL network becomes abnormal. A topological skeleton is
then drawn, dividing the surface into a series of regions containing only conjugate
PSL curves, using the identified degenerate points. The second step involves drawing
and optimizing the layout of PSL in these regions using the “spacing agent” system,
according to user-defined design objectives. The proposed method is validated through
the design of floor slabs and freeform shells. This research could provide architects
with a more intuitive and flexible approach to dealing with PSL during the design
exploration stage.

Keywords: principal stress line, agent-based modelling, degenerate points, density
control, shell structure

1 Introduction

Architectural form with both aesthetics and performance is the long-standing pursuit
of architects in the form exploration stage. Advancements in structural form-finding
methods, such as particle-spring systems [1], topology optimization [2], graphic statics
[3], have accelerated the exploration and application of structures that integrate form
and performance to a high degree. In this context, principal stress line (PSL) networks
offer significant potential for efficient structural design due to their excellent geometric
features and structural properties [4,5]. PSL networks consist of two sets of orthogonal
curves, one in the maximum principal stress direction and the other in the minimum
principal stress direction. These curves form an orthogonal line network, visually
representing the internal force flowwithin a continuum structure under given boundary
conditions. PSL networks provide an idealized material distribution scheme for a
given structural domain [6]. The architectural design and construction based on PSL

Open Access. ©2023 the authors, published by De Gruyter. This work is licensed under the Creative
Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
https://doi.org/10.1515/9783111162683-033
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have been proven to be material-saving and structurally efficient [7], enabling more
sustainable ways of building.

1.1 Related works

In terms of architectural applications, the ribbed slab of the Gatti Wool Factory by
Pier Luigi Nervi is one of the most famous projects inspired by the visualization of the
internal force flow [8] (Fig. 1, left). Another example of a built structure with principal
force trajectory is the zoology lecture hall at the University of Freiburg, Germany [9]
(Fig. 1, middle). The application of PSLs in architectural design is limited due to archi-
tects lacking efficient methods for generating and optimizing them. In recent years,
several tools have emerged that allow architects to perform finite element analysis and
generate PSLs. Grasshopper Plug-ins such as Karamba3D and Millipede can generate
PSLs in a parametric design environment, effectively promoting the application of PSL-
based design exploration. In this context, PSLs has become increasingly popular in the
digital fabrication research in pursuit of more efficient shells [10] or slabs [11]. Vejrum
and Jensen (2022) presented the design and digital fabrication process of a complex
ribbed concrete slab that implements the “Nervi system” [12]. The pattern of the CIAB
Pavilion, developed by Zaha Hadid Architects, also follows the trajectories of principal
stresses [13] (Fig. 1, right). However, the generated PSL networks by these tools are often
unfavourable due to problems such as stress line discontinuity and self-intersection.
The software’s limited ability to control the PSLs makes it difficult to makes it difficult
for designers to directly apply the generated results to structural design.

Fig. 1: Design practice inspired by PSL networks includes Gatti Wool Factory Floor System [8] (left),
Zoology lecture hall at the University of Freiburg [9] (middle), and CIAB pavilion [13] (right).

The generation of PSL networks heavily relies on the seeding scheme, which deter-
mines the placement of seed points to achieve the desired layout of PSLs. Tam and
Mueller (2015) optimized the generation of PSLs using an iterative stress line interpo-
lation method and a rule-based correction process [14]. Church (2021) describes two
seeding schemes: the neighbor seeding method and the farthest point seeding method,
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aiming to achieve a relatively evenly spaced network layout [4]. Both studies require
an additional post-selection process to control the density of PSLs.

1.2 Research question and objectives

The primary challenge in generating and controlling a PSL network lies in the fact
that the network does not always form an orthogonal grid, as desired in the ideal state.
Upon observing the PSL network, it becomes evident that certain locations exist where
the PSLs in the maximum and minimum stress directions are not orthogonal. These
locations are known as degenerate points of the PSL network, which are points where
the principal stresses are equal, leading to the absence of principal directions. In other
words, all directions can be considered as principal directions [15]. Due to the irregular
topology of the PSL network at degenerate points, it becomes challenging to devise a
universal solution for both seedings and density control.

Degenerate points in the PSL network can be classified into two basic types: wedge
(point A in Fig. 2) and trisector (point B in Fig. 2) [16]. Additionally, compound degener-
ate points can be formed bymerging these basic types, resulting in complex topological
PSL networks. For example, a center-type degenerate point (point C in Fig. 2) can be
generated in regions where stresses experience discontinuity, such as locations under
concentrated loads or supports. This type of degenerate point often results from the
merging of two wedges.

(a) (b)

Fig. 2: The degenerate points of PSL network: (a) point A is wedge point, point B is trisector point,
C is a degenerate point under concentrated load [15]; (b) the PSLs networks around isotropic point A
and B exhibit different geometric features [17].

To address the limitations in generating and controlling PSLs, this research aims to
develop amethod for designing and regulating PSL networks by further rationalization.
The approach employed is an agent-basedmodelling (ABM) approach, which facilitates
the identification of degenerate points in the PSL network and the regulation of PSL
density. Through ABM, the generated network density can be regulated by iteratively
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adjusting the position of seed points, effectively integrating the seeding and density
control process. The customizable behavior of agents in the ABM system allows for
direct correlation of results with various design considerations, whether related to
geometry, structure, or fabrication. This enables enhanced flexibility in regulating
PSL networks. Although the proposed method is developed specifically for PSLs, it is
equally applicable to other principal trajectories, such as principal bending moments.

2 Methods

The PSL networks only deviate from orthogonality at specific degenerate points. Conse-
quently, the PSLs passing through these degenerate points,whichdefine the topological
skeleton of the PSL network, can divide the designed surface into areas without de-
generate points, ensuring that the networks within these areas remain orthogonal.
Building upon this principle, this research first develops an ABM system to identify the
degenerate points within the PSL network. Subsequently, the PSLs passing through
these degenerate points are generated to partition the surface. Another ABM system is
then devised to facilitate PSL generation and density control within these divided areas.

The ABM systems are implemented using the ABxM framework, an open-source
platform designed for exploration with agent-based systems [18]. Geometric modelling,
agent system simulation, and visualization tasks are performed using Rhino3D and
Grasshopper. The Grasshopper plugin Karamba3D is utilized for structural analysis,
enabling the generation of principal stress directions and values.

3 PSL generation

Accurately generated PSLs are the basis of this study. The drawing of the PSLs starts
from a seed point and iteratively seeks for the next point at a given step size by esti-
mating the movement direction from the principal stress field. Since the finite element
analysis performed with Karamba3D outputs principal stress directions and values
corresponding to the input mesh vertices, the generation of PSLs need to first deal with
data interpolation – calculate the data for any point with the known discrete values.
This research utilized the Inverse Distance Weighting (IDW) interpolation method to
calculate the principal stress directions and values for a seed point. The IDWmethod
assigns weights to the values associated with mesh vertices within a certain radius of
the seed point, based on their distance. These weighted values are then interpolated to
determine the principal stress directions and values at the seed point (Fig. 3a).

For each starting point that is not located on the edges, the seed points are itera-
tively traced in two opposite directions simultaneously. This tracing process generates a
Principal Stress Line (PSL) by sequentially connecting all seed points. The Fourth Order-
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(a) (b) (c) (d)

Fig. 3: The generation of a PSL: (a) interpolation method; (b) seed point approximation with RK4
method; (c) edge situation; (d) loop situation.

Runge Kutta method (RK4) is employed to estimate the next seed point at a given step
size, based on the principal stress directions at the current seed point (Fig. 3b). While
the Eulermethod is commonly used in PSL generation, the RK4method is considered to
provide better approximation accuracy [19]. The tracing process terminates under two
conditions: reaching the design boundary (Fig. 3c), or when the distance from the start-
ing point becomes smaller than the step size, indicating the formation of a loop (Fig. 3d).

4 ABM-based PSL network design

The PSL network is generated through a two-step process, utilizing corresponding agent
systems. Initially, the “degeneration agent” system is employed to accurately locate the
degenerate points on thedesignated surface. Subsequently, a PSL skeleton is delineated,
dividing the surface into distinct regions characterized by exclusively orthogonal PSL
curves. In the second step, the “spacing agent” system is introduced to efficiently
draw and optimize the layout of PSLs within the identified regions. This process is
meticulously guided by user-defined design objectives, ensuring a tailored outcome.
To exemplify the efficacy of the agent-based algorithms, we employ a rectangular slab
structure, supported at its four corners and subjected to gravitational forces, as a case
study (Fig. 4).

Fig. 4: Left: Selected case slab structure; right: PSL network generated with random seedings.
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4.1 Degeneration agent system

The primary challenge of the degeneration agent system lies in identifying a target
from the characteristics of degenerate points that can be progressively approached. De-
generate points are characterized by the equality of maximum and minimum principal
stresses, resulting in an absolute difference of 0, which is the smallest possible value
among all positions. To address this, we frame the problem of identifying isotropic
points as a minimization problem. The objective is to minimize the difference, denoted
as ∆S, between the maximum and minimum principal stresses at a given point, which
is a function of the point coordinates (U, V) within the parameter space of the design
surface.

4.1.1 Agent definition

A “degeneration agent” is instantiated as a random point on the design surface. Each
agent’s position attribute is represented by the coordinates (U, V) in the parameter
space of the design surface. This allows us to determine the corresponding ∆S at each
agent’s current position. In each iteration, every agent calculates a moving vector,
Vm, based on its defined behavior. The length of Vm is determined by a step size, d,
weighted by ∆S. Since the objective of this agent system is to minimize ∆S, the length
of each agent’s movement decreases as it approaches the goal. This behavior is similar
to a gradient descent algorithm. Once the length of Vm falls below a predetermined
threshold, the agent is considered to have reached a degenerate point. Then the agent
is terminated and excluded from the subsequent iterations.

4.1.2 Agent behavior

The agent’s behavior aims to minimize the ∆S value by continuously seeking the
direction where ∆S decreases. To simplify the direction search process, the agent is
restricted tomove along four predefined options: themaximumandminimumprincipal
stress directions, as well as their opposite directions. Assuming the agent is positioned
at a non-degenerate point, it undergoes small step movements in all four directions
during each iteration. The direction in which ∆S decreases the most is then selected as
the agent’s moving direction. This behavior results in the agent’s trajectory appearing
as a zigzag line with gradually decreasing step sizes. It is important to note that since
the data is estimated through interpretation, the final degenerate point found is an
approximation of the actual degenerate point.

For the slab case, two degenerate points can be identified. A 3D contour map is
employed to visually observe the movement of agents under the aforementioned be-
havior. In this map, the X and Y axes correspond to the x and y values of the design
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surface, while the Z-axis represents the ∆S value at corresponding points. By overlap-
ping the design surface with the 3D map, the agent’s trajectory can be observed as it
gradually descends towards the bottom of the valley, resembling a gradient descent
motion (Fig. 5).

(a) (b)

Fig. 5: A 3D contour map is used to better visualize the searching paths of degeneration agents.

4.2 Degenerate points-based surface subdivision

The objective is to partition the surface into regions where only orthogonal networks
exist. The topological skeletons formed by PSLs passing through degenerate points
are then used to divide the design surface, creating a structured environment for ABM-
based PSL network design. This paper focuses on discussing two fundamental types of
degenerate points: wedges and trisectors. These types can be easily distinguished based
on their geometric features, as observed from the results of the degeneration agents.
Wedges exhibit two intersections of PSLs in the maximum and minimum directions,
whereas trisectors have only one.

Regarding the wedge points, the PSL network maintains its orthogonal feature,
except for the lines that pass through the exact points. Since it is nearly impossible to
reach the exact points, obtaining an orthogonal network is relatively straightforward
by excluding the area in which these points lie from the design area. However, it’s
important to note that the topology of the network around wedge points should be
further classified into two types: lemon and monster, based on the underlying tensor
fields. In the scope of this paper, a detailed discussion of these types is deferred to
avoid the need for extensive explanations to tensor fields. Fortunately, the subsequent
spacing agent system can effectively operate in areas with wedges.
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(a) (b) (c)

Fig. 6: Surface subdivision with degenerate points: (a) the two trisector points; (b) the maximum
PSLs and (c) the minimum PSLs that pass through the trisectors.

For trisector points, both the maximum and minimum PSLs radiate from the point in
three directions. After excluding wedge points, these PSLs can divide the surface into
regions where only orthogonal networks exist. In the case of the slab, the two isotropic
points are both trisectors. Each of these points exhibits three branches in both the
principal stress directions, which form the topological skeletons as depicted in Fig. 6.

4.3 Spacing agent system

The spacing agent system is employed to generate PSLs and control their density within
the divided area. To illustrate, in the case of the maximum PSL network, the slab is
divided by three branches in the maximum principal direction at each isotropic point,
while three branches in the minimum direction serve as guide curves for seeding.

4.3.1 Agent definition

The spacing agents are defined as a series of seed points that move along the guide
curve. Each agent is associated with a PSL in the maximum direction that passes
through the point it occupies. The agents only interact with their neighbors on the
same guide curve. Agents located at the starting and ending points of the guide curve
maintain their positions unchanged during the simulation. In each iteration, each
agent obtains a moving vector, Vs, in the parameter domain of its guide curve through
interaction with its neighbors. The system is considered converged once the sum of the
Vs values for all agents is smaller than a pre-set threshold.

4.3.2 Agent behavior

The spacing agent’s behavior can be customized according to the design requirements.
This study takes the goal of evenly spacing the PSLs as an example. For the agents that
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are not located at the ends of their guide curve, three behaviors are defined to balance
the spacing between the PSLs associated with each of the agents.

First, a spacing behavior is designed to directly average the spacing of the PSLs.
The calculation of the average spacing D between the PSLs of one spacing agent and its
two neighbors is used to determine the difference between the two D values, denoted as
∆D. The spacing behavior aims to reduce ∆D bymoving the agent towards the neighbor
with a larger D value. The length of the motion vector in each iteration is determined
by the step size t, which is weighted by ∆D. As a result, the agent gradually reduces its
movement while achieving spacing balance. Second, an adding behavior is developed
to introduce a new agent to the system when the D value between any two adjacent
agents exceeds a pre-set threshold. The new agent is added in the middle of the two
adjacent agents on the guide curve. Third, a removingbehavior is used todelete anagent
from the systemwhen theDvaluebetweenoneagent andanyof its neighbors falls below
a pre-set threshold. The removing and adding behaviors work together to maintain the
density of PSLs within a desirable range, preventing the generation of layouts that are
either too sparse or too tight. The combined action of these three behaviors results in
a highly uniform distribution of PSLs in the case slab, as shown in Fig. 7.

(a)

(b) (c)

Fig. 7: (a, b) The spacing agents are initialized as evenly distributed points on the guide curves;
(c) the balanced layout before (dashed lines) and after (solid lines) the ABM simulation.

4.4 Stress value weighted PSLs spacing

Based on the customizable features of ABM behaviors, different considerations that
influence the layout of the PSL network can be incorporated. In this research, we
conducted a simple test to regulate the spacing of PSLs based on local stress values.
The density of PSLs is higher in areas with larger local stress values and lower in areas
with smaller local stress values. This objective is achieved by incorporating the local
stress values asweights in the calculation of the D values for adjacent agents. Therefore,
the purpose of the spacing agent is to minimize the difference in weighted D values
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between each agent and its two neighbors. The strength of the effect of local stress
values on the layout can be adjusted by a user-defined weight ratio. We further tested
this method on a case slab, and the results demonstrate the difference between stress
value-weighted and evenly distributed networks (Fig. 8).

(a)

(b) (c)

Fig. 8: (1-2) The stress values distribution is used to influence the layout of the PSLs; (3) the differ-
ence between evenly spaced (dashed lines) and stress weighted (solid lines) PSL network.

5 Design explorations

5.1 Implementations with different geometries

To test the effectiveness of the proposed PSL network design method, three different
scenarios were selected: a floor slab under different boundary conditions, a simple
shell, and a freeform shell. The objective was to achieve evenly spaced PSL networks
for each scenario.

In the case of the floor slab, it is supported by two columns positioned in themiddle.
Due to stress concentration at each support, a degenerate point is generated, which is
essentially a combination of twowedge points. The notable geometric feature is that the
maximum PSL is concentrated at the degenerate point, while the minimum PSL forms
a loop around it. By excluding the area where these points are located from the design
area (by using a minimum PSL close to the degenerate point), it is easy to obtain an
orthogonal network. Additionally, using the degeneration agent system, two trisector
points can be identified. By passing through these trisector points, two adjacent loops
in the minimum direction and four radial curves in the maximum direction can be
obtained as skeletons. The final PSL network consists of closed loops and radial curves,
effectively achieving homogenized spacing (Fig. 9).

The simple shell is utilized to assess the effectiveness of this method on hyperbolic
surfaces. The shell is supported at its four corners under its self-weight. Considering
the symmetry of the form and boundary conditions, it is conceivable that there exists
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(a) (b) (c)

Fig. 9: Generation of a PSL network for the case slab with two supports in the middle: (a) PSL gener-
ated with evenly distributed seed points, (b) topological skeleton derived from degeneration agent
system, (c) Evenly distributed PSL generation using spacing agent system.

an isotropic point at the center of the shell. This isotropic point corresponds to a
saddle-type point resulting from the merging of two trisectors. Consequently, the PSLs
passing through this point in both the maximum and minimum directions exhibit four
branches (Fig. 10).

(a) (b) (c)

Fig. 10: Generation of a PSL network for the simple shell: (a) PSL generated with evenly distributed
seed points, (b) topological skeleton derived from degeneration agent system, (c) Evenly distributed
PSL generation using spacing agent system.

The freeform shell is supported at two corners and one edge. Stress concentrations
occur at the point supports and edge support, which are excluded from the sim-
ulation. Although it may seem complex, the topology of the PSL network on the
remaining surface has also been found to be primarily influenced by two trisector
points (Fig. 11).

(a) (b) (c)

Fig. 11: Generation of a PSL network for freeform shell: (a) PSL generated with evenly distributed
seed points, (b) topological skeleton derived from degeneration agent system, (c) Evenly distributed
PSL generation using spacing agent system.
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6 Discussion and conclusion

While previous research on PSL network design does not consider the topology of the
networks, this research rationalizess the networks by exploring their topology and the
underlying formation mechanism. The introduction of the ABM algorithm has made
the density control of PSL networks more flexible. The proposed method is intuitive
and user-friendly for architects, effectively facilitating the application of PSL in design
explorations. Furthermore, the proposed method can be extended to other principal
trajectories, such as principal bending moments.

The next step involves exploring the application of this method to a wider range
of geometries and boundary conditions. Subsequent studies will also focus on the
materialization of PSL-based structures using robotic construction methods, with a
specific emphasis on rid-reinforced timber slabs and shell structures (Figure 12).

Fig. 12: Application scenarios of PSL in rid-reinforced timber slabs and shell structures.
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Design and Optimization of Beam and Truss
Structures Using Alternative Performance
Indicators Based on the Redundancy Matrix

Abstract: In structural optimization processes, a common goal is to limit deflections
or stresses through topological changes, shape adaption or cross-sectional adjust-
ments. Beyond these well-established performance indicators, alternative measures
for the assessment of structures based on the redundancy matrix can be used in the
design and optimization process. This contribution shows the extension of the redun-
dancy calculation to three-dimensional beam structures in detail. Using the concept
of redundancy for the design of structures, one goal is to homogeneously distribute
redundancy within a structure in order to make an overall collapse due to failure of
individual elements less likely. Furthermore, the sensitivity towards imperfections is
quantified by the redundancy matrix, offering the opportunity to design connections
of substructures, such that no constraint forces are introduced during the assembly
process. Those two concepts are showcased exemplarily within this contribution. The
method is embedded into a computational co-design framework, which allows for
quick, interactive feedback on design changes to strengthen the interplay between the
design and engineering process.

Keywords: structural assessment, redundancy matrix, structural optimization

1 Introduction

The shortage of raw materials and the increasing necessity of creating a built environ-
ment for a growing population implies huge responsibility for architects, engineers and
all other disciplines of the building sector. A well-known way to tackle the challenge of
using less material in the design of structures comes with structural optimization. A
well-established concept is to use the mass of the structure as the objective function
to be minimized with side constraints like keeping displacements and stresses within
defined limits (Haftka et al. 1990). This implies that the structure is analyzed with
defined load cases which yield the calculation of stresses and deformations. In addi-
tion to the linear analyses, especially for slender structures, geometrically nonlinear
effects like buckling are important to consider in the assessment of structures. Besides,
an ultimate load analysis is commonly used to define the load bearing capacity of a
structure. In contrast to these well-established approaches to structural assessment,

Open Access. ©2023 the authors, published by De Gruyter. This work is licensed under the Creative
Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
https://doi.org/10.1515/9783111162683-034
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the present contribution uses alternative performance indicators to analyze structures
and formulate design requirements. Those indicators are based on the redundancy
matrix, first described by Bahndorf (1991). This concept is by no means replacing the
above-mentioned methods, but rather complements the options. The redundancy ma-
trix quantifies the distribution of the statical indeterminacy in the structure and by this
offers the possibility to assess the structure’s robustness and its sensitivity towards
imperfections and is furthermore used in the field of adaptive structures (Geiger et al.
2020). We investigate the application of alternative performance indicators in the con-
text of co-design, described by Knippers et al. (2021), meaning that the methods aim to
be used integratively by multiple disciplines in the building sector, e. g. manufacturing
alongside the classical ones like design and engineering. In that context, we show
an example of using coreless filament wound (CFW) structures (Gil Pérez et al. 2022).
Coreless filament winding is a manufacturing process that enables the fabrication of
highly differentiated, lightweight, resource-effective, and high-performing building
components and its application has been demonstrated for long-span and multi-story
building systems (Menges et al. 2022). A CFW component is additively manufactured
by freely spanning fiber rovings between anchor points, the resulting fiber net itself
can form e. g. lattice components (Duque Estrada et al. 2021). CFW structures represent
a particularly interesting application for alternative performance indicators since they
are sensitive to imperfections and the redundancy distribution can be examined across
multiple levels of detail.

Within this contribution, in Sec. 2 we recap the equations to calculate the redun-
dancymatrix and showcase the details with a simple three-dimensional beam example.
The optimization details and the integration of the design aspect are also covered in
this chapter. Section 3 shows three different case studies. The first one deals with the
assembly process, whereas the other two examples point toward a robust structural
design in a spatial frame and a discrete gridshell structure. Section 4 summarizes the
work and indicates possible future applications of the presented method.

2 Methodology

2.1 Redundancy matrices and statical indeterminacy

The derivation of the redundancy matrix will first be described in matrix notation for
plane truss structures and then extended to three-dimensional beam structures. For
a complete step-by-step derivation, the reader is referred to Scheven et al. (2021). In
plane truss structures, the only deformation mode is the normal elongation.

The relation between external forces Fext and internal forces N can be written as

ATN = Fext, (1)
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AT being the equilibriummatrix, capturing the topological and geometrical information
of the discrete truss structure, and its transposeA being the compatibility matrix. Using
the matrix C, which includes each individual member stiffness on the main diagonal,
the relation between internal forces and elastic elongations ∆lel can be stated as follows:

N = C∆lel. (2)

The elastic elongations are calculated as the difference between the total elongation ∆l
andan initial, prescribed elongation ∆l0. Initial prescribed elongations canbe imagined
as a member being imperfectly manufactured and therefore squeezed into the system
with a certain force. The remaining necessary relation between total elongations and
nodal displacements d reads:

∆l = Ad. (3)

Equations (1) to (3) are used to solve for the unknownnodal displacementsd, neglecting
external loads Fext, leading to the desired load-independent measure. The redundancy
matrix is then defined as the map between initial and elastic elongations:

∆lel = ∆l − ∆l0 = −R∆l0 R = 1 − A(ATCA)−1(ATC). (4)

It can be seen in eq. (4), that the redundancy distribution is independent of external
loads and therefore a property of the structure only described by topology, shape,
stiffness of the members and the support conditions. The main diagonal entries de-
scribe the constraint that is introduced on each individual member by the surrounding
structure and quantify it with values between zero and one for truss structures.

The redundancymatrix can be used to quantify the distribution of the statical inde-
terminacy ns within a structure. Classical formulas, see e. g. Maxwell (1864), describe
the degree of statical indeterminacy as an integer number for the whole structure:

ns = ne − (2nn − nc). (5)

Within this formula, ne describes the number of elements, nn is the number of nodes
and nc captures the number of fixed displacement degrees of freedom. Formally, the
degree of statical indeterminacy describes themissingnumber of equilibriumequations
that are necessary to calculate all internal forces of a structural system. In contrast
to this consideration as an integer number, the redundancy matrix shows the spatial
distribution of the statical indeterminacy within a structure on its main diagonal. The
degree of statical indeterminacy can be calculated as the trace of the redundancy
matrix:

ns = tr(R). (6)

If the redundancy of an element equals one, this element does not contribute to the
load transfer of the system and can be removed without any impact on the load-bearing
behavior of the system. If the redundancy of an element is zero, the element must not
be removed because a deletion would produce at least a kinematic substructure and
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therefore structural failure. Elements with zero redundancy are indispensable for the
load transfer.

The extension to two-dimensional beam structures can be reviewed in detail in
von Scheven et al. (2021), practical examples are already mentioned in Ströbel (1995).
In contrast to trusses, for three-dimensional beams, six deformationmodes are present.
An eigenvalue decomposition of the element stiffness matrix of a three-dimensional
beam element leads to a consistent description of thematricesA andC. The eigenvalues
λ and eigenvectors ϕ that are used to form those two matrices read as follows:

λ =

[[[[[[[[[

[

EA
L 0 0 0 0 0
0 3EIz

L 0 0 0 0
0 0 3EIy

L 0 0 0
0 0 0 GIT

L 0 0
0 0 0 0 EIy

L 0
0 0 0 0 0 EIz

L

]]]]]]]]]

]

ϕ =

[[[[[[[[[[[[[[[[[[[[[[[

[

−1 0 0 0 0 0
0 2

L 0 0 0 0
0 0 − 2L 0 0 0
0 0 0 −1 0 0
0 0 1 0 −1 0
0 1 0 0 0 −1
1 0 0 0 0 0
0 − 2L 0 0 0 0
0 0 2

L 0 0 0
0 0 0 1 0 0
0 0 1 0 1 0
0 1 0 0 0 1

]]]]]]]]]]]]]]]]]]]]]]]

]

.

The redundancy matrix for three-dimensional beams has six rows and six columns per
element, as opposed to one single row and column for truss systems. The individual
contributions of the deformation modes to the redundancy are ordered in the same
way as in the matrix above. The first entry refers to the elongation mode, the second
and third entries refer to the coupled bending and shear modes in local y- and local
z-direction respectively. The fourth eigenvector represents the torsional mode and the
last two represent the pure bending modes.

Figure 1 shows a three-dimensional structure, consisting of an angled cantilever
with an additional support in global Z-direction at the far end. The degree of statical
indeterminacy is one. The respective redundancy matrix

R =

[[[[[[[[[[[[[[[[[[

[

0.0013 0.0 0.0 0.0 −0.0013 −0.0013 0.0 0.0 0.0009 0.0 −0.0009 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
−0.3394 0.0 0.0 0.0 0.3394 0.3394 0.0 0.0 −0.2399 0.0 0.2399 0.0
−0.3394 0.0 0.0 0.0 0.3394 0.3394 0.0 0.0 −0.2399 0.0 0.2399 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.1131 0.0 0.0 0.0 −0.1131 −0.1131 0.0 0.0 0.0799 0.0 −0.0799 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
−0.3394 0.0 0.0 0.0 0.3394 0.3394 0.0 0.0 −0.2399 0.0 0.2399 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

]]]]]]]]]]]]]]]]]]

]
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Fig. 1: Three-dimensional cantilever with additional support.

shows that the numbers on the main diagonal sum up to one as described before
(deviation due to rounding). The contribution of the torsional mode of element 1 is zero.
The respective entry in the redundancy matrix can be found in the fourth column in
the fourth row. This means that a prescribed torsion of the element is not constrained
by the surrounding structure, since the additional support at the far end only fixes
displacements in the global Z-direction.

2.2 Optimization using redundancy matrices

Structural optimization can basically be divided into three sub-categories, namely
topology optimization, shape optimization and cross-sectional optimization, see Ramm
et al. (1998). With regards to truss or beam structures, topology optimization answers
the question of which node is connected to which node. Shape optimization defines the
spatial coordinates of the nodes and cross-sectional optimization adjusts for example
the thickness of a section. Using the distribution of statical indeterminacy as the
objective function, changes within those categories offer the possibility to modify C
and A in eq. (4) and thus redistribution of statical indeterminacy within the structure
can be performed. In this work, we present an example using shape optimization; the
design variables are denoted as s1. In a second example, the thickness of the cross-
section is varied within a cross-sectional optimization. The design variables are defined
as s2 and a similar optimization can be executed. The results are shown in Sec. 3.2, the
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optimization problem is defined as:

min
s
f(s), f(s) = Rmax − Rmin, s1 =

[[[[[[[[[[[[[[[[[[[

[

x1
...
xn
y1
...
yn
z1
...
zn

]]]]]]]]]]]]]]]]]]]

]

, s2 =
[[[

[

t1
...
tn

]]]

]

, (7)

Rmax being the maximum value of the redundancy of all elements and Rmin being the
minimum value. The optimum is obtained in MATLAB with the sequential quadratic
programming (SQP) implementation (Nocedal and Wright 2006).

There exist already applications, where the redundancy distribution is used in
the context of designing structures. In Wagner et al. (2018), the redundancy matrix is
used in the design of adaptive structures, Kou et al. (2017) show the application in the
context of robustness.

In Ströbel (1995), it is stated that the redundancy should be distributed homo-
geneously within a structure in order to prevent the collapse of the structure or of
substructures in case of failure of specific elements, which is obtained with the op-
timization as stated in eq. (7). In case that a genuinely homogeneous redundancy
distribution is achievable, the redundancy fraction of each element can be calculated
by the ratio between the degree of statical indeterminacy and the number of elements.
Since this might not always be possible, it is necessary to minimize the range and not
just maximize the minimal value Rmin. For a two-dimensional frame, depending on the
ratio between the bending stiffness and the normal stiffness, the different redundancy
distributions reflect the importance of the elongation and the bending action in the
load transfer, see von Scheven et al. (2021). For a rather homogeneous redundancy
distribution, bending and elongation are of similar importance. As seen above, the
total degree of statical indeterminacy gives only little insight into the load-bearing
behavior. In order to design robust structures, the spatial distribution is of central
importance.

Another aspect, where the distribution of statical indeterminacy can be used, is the
assembly process. Regarding on-site structural assembly of pre-fabricated modules by
connecting themwith additional elements, it is desirable if the system can compensate
for manufacturing inaccuracies. For truss systems, only imperfections in length are
relevant. In a scenario, where substructures are to be connected, the optimal assembly
sequencewould include the additional elements in suchaway that little tono constraint
is introduced and imperfections can be compensated through displacements of the
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already assembled structure. In an optimal case, the additional elements would have
zero redundancy.

2.3 Design integration

Interactive design methods require fast feedback to inform the designers and guide
them in their decision-making process. Feedback on the redundancy distribution
is particularly useful for topology exploration of the global design, independent of
specific load cases. The calculation of the redundancy matrix can be made relatively
fast (Tkachuk et al. 2023), making it suitable for quick feedback and interactive design
methods such as agent-based modeling and simulation (Stieler et al. 2022). This has
been investigated by Maierhofer and Menges (2019) in the context of adaptive truss
structures. The codebase for calculating the redundancy distribution for truss and
beam structures has been implemented as a C# library that can be referenced in CAD
environments such as Rhino/Grasshopper or interactive platforms like Unity.

2.4 Application context

In the context of CFW, the method can be applied across different scales. Firstly, on
the global design level, allowing for investigation of the overall topology and shape of
a structure. Secondly, we can examine the redundancy distribution of CFW building
elements on the component level. The fiber net, a result of the interaction of the free-
spanning fiber rovings (see Fig. 2), can be conceptualized as a beam structure and the
redundancy contribution of each fiber segment can be computed (see Fig. 3). In contrast
to the global design, optimization of the fiber net is non-trivial, as the fiber net results
from the interaction of the sequentially laid fiber rovings and the final form, the number
of nodes and the topology of the structure emerge only at the end (Menges et al. 2022).
Therefore, the optimization of the fiber net needs to interface with a simulation of the
fiber-fiber interaction. As part of the co-design framework for CFW building systems,
the calculation can take cross-section input from other domains via the fiber data
object model (Gil Pérez et al. 2022). Figure 3 shows the simulated fiber-fiber interaction
and the resulting fiber net in the winding frame in the left. The middle plot shows the
redundancy distribution in color scheme with preliminary assumptions that include
constant cross-sections. The plot on the right shows the redundancy distribution in
color scheme with the measured cross-sections from the physical testing specimen.
Significant differences are visible, underlining the sensitivity of the manufacturing
process.
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Fig. 2: Examples of coreless filament wound fiber nets: small-scale mechanical testing specimen
(left), full-scale building component (right), © ICD/ITKE University of Stuttgart.

3

6

0

Fig. 3: Result of the winding sequence shown in the winding frame (left). Redundancy distribution
with constant cross-sections (middle). Redundancy distribution with cross-sections measured from
specimen S3-0 (right); data taken from Gil Pérez et al. (2023). Color spectrum for the redundancy
distributions on the right.

3 Numerical examples and discussion

3.1 Specific redundancy for optimized assembly process

As described in Sec. 2.2, during the assembly process it can be of importance that
only little constraint forces are introduced. Figure 4 a) shows two pre-fabricated parts
of a truss bridge, both of which have a degree of statical indeterminacy of ns = 1.
Those pre-fabricated parts will be connected by three elements on-site and the vertical
supports at the inner part of the final structure as well as the horizontal support at
the right outer node are to be removed during the assembly process. The assembly
sequence is shown from a) to d). The first additional member is shown in b). At the
same time, the aforementioned horizontal support is removed. The additional member
has zero redundancy. The second member, connecting the two parts diagonally makes
one vertical support obsolete. In the final step, shown in d), another horizontal member
is added and no more supports remain in the inner part of the structure. Throughout
the assembly process, all members that were added have zero redundancy. Thus, the
assembly process can fully compensate for possible manufacturing imperfections of
the connecting elements and no constraint forces are introduced. It should be noted,
that every additional member thereafter would raise the overall degree of statical
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Fig. 4: Assembly sequence from configuration a) to d) with zero constraint forces introduced during
the process; color spectrum showing the redundancy distribution.

indeterminacy and therefore, constraint forceswould be introduced in case of imperfect
manufacturing.

This simple two-dimensional truss example showcases, that it is possible to ac-
count for imperfections in the assembly andmanufacturing process through knowledge
of the spatial distribution of the statical indeterminacy of a system.

3.2 Homogeneous redundancy distribution

The first example is a spatial frame structure, shown in Fig. 5. The structure consists of
59 elements with a constant cross-section and a length of 5m per element. The connec-
tions of the elements are rigid and at the four bottom corner nodes, the displacements
are fixedby supports. The initial redundancydistribution canbe seen inFig. 5 on the left,
with a range of Rmax,init − Rmin,init = 1.05. An optimization is performed, using the spa-
tial coordinates of the nodes as the design variables, see eq. (7), such that the nodes can
change position by 3.0m in each spatial direction. Furthermore, the structure was kept
to be symmetric during the optimization. One can see on the right that the redundancies
are distributed homogeneously within the structure after changing the nodal positions,
the final values only ranging negligibly from Rmax,opt = 3.154 to Rmin,opt = 3.149. In
accordance to Sec. 2.2, the small range of the redundancy distribution reflects that the
effect of removing any single element is of similar influence rather than one element
having a large effect on the load-bearing behavior when being removed.

As a second example, the triangulated base geometry of the segmented timber shell
from the Landesgartenschau ExhibitionHall (Krieg et al. 2015) is used in order to test the
method on a geometrically more complex structure. The center points of the individual
timber plates are connected by lines. By this, we generate a large-scale discrete gridshell
to test the presentedmethodwithout referring to the original timber shell and its planar
plate segments. The structure consists of 243 nodes that are connected by 638 elements,
see Fig. 6. The structure is supported on 34 nodes and has two openings that are curved.
At the supports, only the displacements are set to zero. Using the cross-sectional
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3.70

3.17

2.65

Fig. 5: Redundancy distribution of initial configuration (left) and optimized configuration with new
nodal positions (right), geometry of a spatial frame structure shown in color spectrum.

Redundancy distribution Thickness in mm

2.85 3.30 3.68 4.12 4.51 0.0 21.5 43.0

Fig. 6: Redundancy distribution of initial configuration (left) and optimized configuration with new
cross-sectional thickness (middle) in color spectrum. Cross-sectional thicknesses in color spectrum
(right).

thickness as the design variable, see s2 in eq. (7), the initial thickness was set to 10mm
using a hollow circular section with 244.5mm diameter. The goal is to homogenize the
redundancy as much as possible within the structure. As it is described in Sec. 2.2, the
distribution of the redundancy in the overall structure is a measure of its robustness.
This means that in areas with high redundancy fractions, many alternative load paths
are available for the load transfer. In Fig. 6 on the left, one can see that the elements that
are connected to the supports as well as the elements that build the curved openings
are the ones that have the lowest redundancy fraction. The color spectrum ranges from
the minimum to the maximum redundancy value of the initial configuration, which is
Rmax,init − Rmin,init = 1.66.

In Fig. 6, the optimized redundancy distribution is shown in the middle. The
maximum and minimum numbers are closer compared to the initial configuration
with equal cross-sections for all elements. The range in the optimized configuration
is Rmax,opt − Rmin,opt = 0.82, with the values shown in the color spectrum. On the
right, the thickness of the cross-sections is shown in the colorspectrum. One can see
that in order to homogenize the redundancy within the structure, the thickness of the
cross-sections in the outer parts of the structure is increased, whereas the elements
with smaller thickness are present in the inner part of the structure.
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4 Conclusion and outlook

The redundancy matrix captures information about the spatial distribution of the de-
gree of statical indeterminacywithin a structure. This information can be used to define
different goals for the design process of structures. Using the information about statical
indeterminacy in the assembly process, the first example showed that constraint-free
sequences can be determined. The application in the design of robust structures was
showcased in the second and third example. To overcome the shortcomings of the
restriction to linear calculations, an extension to non-linear analyses and to ultimate
load analyses are subject to present research. Future work includes consideration of
additional side constraints such as manufacturing requirements, especially in the con-
text of CFW fiber nets. As the six modes of contribution for three-dimensional beams
pose a challenge for visualization, the previously developed visual analytics method
for fiber nets (Abdelaal et al. 2022) could be extended to include information about the
redundancy distribution.

The presented method is universally applicable to truss and beam structures and
has been demonstrated on a variety of geometries. It opens a field of alternative mea-
sures for structural assessment, beyond well-established parameters like e. g. stresses
and displacements, that are applicable to various building systems across scales.
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